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Abstract 

This is the second of a series of papers in which we develop a "discretization approach" 
for the rigorous realization of the non-Abelian Chern-Simons path integral for manifolds 
M of the form M = S x S 1 and arbitrary simply-connected compact structure groups G. 
More precisely, we introduce, for general links L in M, a rigorous version WLO r i g (L) of (the 
expectation values of) the corresponding Wilson loop observable WLO(L) in the so-called 
"torus gauge" by Blau and Thompson (Nucl. Phys. B408(l):345-390, 1993). For a simple 
class of links L we then evaluate WLO r i g (L) explicitly in a non-pcrturbative way, finding 
agreement with Turaev's shadow invariant \L\. 



o 

^ ■ 1 Introduction 



Recall from [30] that our goal is to find, for manifolds M of the form M = £ x S \ a rigorous 
realization of the non-Abelian Chern-Simons path integral in the torus gauge. We want to 
achieve this with the help of a suitable "discretization approach" . In [30] we introduced already 
one such approach, "Approach I". In the present paper we will introduce a second approach, 
"Approach II" . 

The paper is organized as follows: In Sec. [2] we will recall some of the notation from |30j 
and we will restate the basic heuristic formula from [30], cf. Eq. (|2.8p below. Moreover, we 
will recall some of the constructions in Approach I. In Sec. [3] we will describe and motivate the 
main changes in Approach II compared to Approach I. In Sec. [J] we will then give the remaining 
details of Approach II. In Sec. [5] we state and prove our main result, Theorem 15.31 which is 
concerned with a special class of links. In Sec. [6] we make some remarks regarding the case of 
general links and in Sec. [7] we then conclude the main part of this paper with an outlook on 
some promising further directions within the framework of .Bi^-theory. 

The present paper has an appendix consisting of six parts: part [A] contains a list of the Lie 
theoretic notation which will be relevant in the present paper (this list is a continuation of the 
one in Appendix A in [30] ). In part [B] we recall the definition of Turaev's shadow invariant \L\ 
for links L in 3-manifolds M of the type M = S x S . In part Owe recall the definition of 
-BF-theory in 3 dimensions and we briefly comment on the relationship between iJi^-theory and 
CS theory. In part [D] we sketch two possible modifications of Approach II. In part [E] we sketch 
two alternative versions of Theorem 17.41 of Sec. [71 Finally, in part [F] we make some general 
remarks on the so-called "simplicial program" for CS/ BF3- theory. 



2 A short review of (the relevant parts of) |30j 



2.1 Some notation from Sec. 2 in 130 



As in |30j we fix a simply-connected compact Lie group G and a maximal torus T of G. By g 
and t we will denote the Lie algebras of G and T and by (•, •) the unique Ad-invariant scalar 
product on g satisfying the normalization condition (a, a) = 2 for every short coroot a w.r.t. 
(g,t), cf. part lAl of the Appendix. For later use let us also fix a Weyl chamber C C t. 

Moreover, we will fix a compact oriented 3-manifold M of the form M = E x S 1 where 
E is a (compact oriented) surface, and an ordered oriented link L = (h, ■ ■ ■ ,l m )i m £ N, in 
M = E x S . Each Zj is "colored" with a finite-dimensional representation pi of G. 

As in [30] we will use the following notation^ 

B = C°°(£,t) = 0°(E,t) (2.1a) 

^^(M.g) (2.1b) 

^ S = O 1 (E, ) (2.1c) 

A E ,t = ^(S, t), -4 S ,{ = ^(E, t) (2.1d) 

^ 1 = {Aei| A(d/dt) = 0} (2.1e) 

JL-l = {A ± eA ± \ J A x (t)dt e ^ s , 4 } (2.lf) 

^ = {A- 1 e A L | ^ x is constant and Az,r valued} (2.1g) 

Here £ is the orthogonal complement of t in g w.r.t. (•,■), dt is the normalized (translation- 
invariant) volume forrrJl on S 1 , d/dt is the vector field on M = E x S 1 obtained by "lifting" 
the standard vector field d/dt on S 1 and in Eqs. (|2.1f|) and ( |2.1gP we used the "obvious" 
identification (cf. Sec. 2.3.1 in [30] ) 

A L ^C°°(S 1 t AE) (2.2) 

where C co (S 1 ,At,) is the space of maps / : 5 1 — > At, which are "smooth" in the sense that 
E x S 1 3 (a, t) I—)- (f(t))(X a ) £ q is smooth for every smooth vector field X on E. It follows 
from the definitions above that 

A L = A L ® Aj (2.3) 

Recall that the Chern-Simons action function Scs '■ A — > M associated to M, G, and the 
"level" k G Z\{0} is given bji 

S C s(A) = -kTT [ (A AdA) + l(A A [A A A]), AG A (2.4) 
Jm 

where [• A •] denotes the wedge product associated to the Lie bracket [•, •] :gxg->g and where 
(• A •) denotes the wedge product associated to the scalar product (•,•): g x g —>• R. 

By Hoi; (A) we will denote the holonomy of A £ A around a loop I. The following explicit 
formula for Hoi; (A) proved to be useful in [30] : 

Ho1 ^) = ^Utx^Ml'm^ (2.5) 

where exp : g — > G is the exponential function of G. 

1 recall that Q P (N, V) denotes the space of V- valued p- forms on a smooth manifold iV 
2 or, equivalently, the normalized Haar measure 

3 recall that if G is not simple then we can generalize the definition of Scs, Remark 2.7 in [30] 



As in Sec. 2.2.4 in [30] we fix a point o$ G £ and associate) to each h G [S, G/T], i.e. each 
homotopy clas^l of maps S — > G/T, a t-valued 1-form Aj g (h) on S\{o"o}. 
Finally, recall the following short notation from [30j: 

S CS (A ± , B) := ScsiA 1 - + Bdt) (2.6) 
Holj(A- L ,J3;h) :=Holi(A ± +A sg (h) + S(it) (2.7) 

for B £ B, A G .A -1 -, h G [S, G/T] where is the real- valued 1-form on M = T, x S 1 obtained 
by pulling back the 1-form dt on S 1 in the obvious way. 

Remark 2.1 One can assume without loss of generality that G is a closed subgroup of U(N) 
for some N G N. In the special case where G is simple we can then rewrite Eq. (|2.4p as 



Scs(A) = kTr [ Tr(A A dA + \A A A A A) 
Jm 



with Tr := c • TrM a t(N,C) where c G K. is chosen such that (.A, B) = — Tr(A ■ B) for all i,B £ 
C u(N) C Mat(N, C). Clearly, making this assumption is a bit inelegant but it has some 
practical advantages, which is why we made use of it in [30]. In the present paper we will use 
this assumption only at a later stage, namely in part Oof the Appendix below (with G replaced 
by G). 

2.2 The basic heuristic formula in [30] 

Let us make the identification Ax,,t = Ajr C A ■ Then we can rewrite the heuristic formula Eq. 
(2.53) in [30] as 

WL °w - E he[E , G/T] /J^w^)^) 

x J A± Hi Tr ft ( Rol h( A± + A c B; h)) exp(iS C s(A ± , B^DA 1 - 

x exp(-2vrifc / (dA ag (h),B)) \ exp(iS C s(A c , B))(DA C ® DB) (2.8) 

where Det fp{B) is the informal expression given by 

Det FP (B) := det(l t - exp(ad(fi))| t ) (2.9) 

and where (dA ss (h), B) := (dA as (h) A B) denotes the wedge product^ of the t-valued 2-form 
dA sg (h) and the 0-form B\^\i ao \ on S\{a"o}. 

If we fix an auxiliary Riemannian metric g on S we obtain scalar products <C •,• 3>.4 S t 
and < >_4± on Ax,t and A 1 = G°°(5 1 ,^ s ) in a natural way. Moreover, we then have a 
well-defined Hodge star operator * : At, — > At which induces an operator * : C°°(S 1 ,Aj:) — >• 
C oc (S 1 ,At,) in the obvious way. According to Eq. (2.47) in [30] we have the following explicit 
formulas 

ScsiA 1 ^) =Trk< A\*(f + ad(B))A ± >^x (2.10) 
Scs(A c , B) = -2irk « A c , *dB >^ E t (2.11) 



4 more precisely, we pick a smooth representative £ C°°(E,G/T) of h £ [S, G/T] and then set A ag (h) 
TT t (fl^ 1 dfli 1 ) where f\ : E\{oo} — > G is an arbitrary (but fixed) smooth lift of (sh)|E\{<r } 
5 cf. Footnote 13 in [30] 

6 associated to the restricted scalar product (•, ■} :txt->E 



Remark 2.2 According to Remark 2.6 in [30] it may be possible to justify the following sim- 
plified version of Eq. (|2.8j> above: 



WLO(L) PT [ \l C °°(x,i re3 )(B)Det FP (B) 

x J J], Tt p> ( Rol h( A± + A c + Bdt)) eMiScs(A ± , B))DA j 

x exp(-2mk(x, B(a ))) \ exp{iS C s(A c , B))(DA C ® DB) (2.12) 



where / = ker(exp| t ) = 27, r := dim(t), cf. Eq. ()5.43p below. 

Let us mention that (an analogue of) the theorem in Sec. 5.11 in [30] can also be derived 
within a suitable (and straightforward) modification of Approach I in [30j which is based on Eq. 
(I2.12P instead of Eq. (|2.8p . Similarly, (an analogue of) Theorem 15 . 3 1 b elow can be derived within 
a suitable modification of Approach II which is based on the obvious^ simplified version of Eq. 
(1331) below. 



2.3 Some of the constructions introduced in Approach I 

Recall that in Sec. 5.1 in [30J we fixed two finite polyhedral cell decompositions C and C of £ 
which are dual to each other. By /C and K! we denoted the corresponding (oriented) polyhedral 
cell complexes, i.e. K, := (S,C) and K! := (£,C). 

Moreover, we fixed ./V £ N and used the finite cyclic group Zjy with the "obvious"H (oriented) 
graph structure as a discrete analogue of the Lie group S 1 . 

Instead of K. (resp. K.') we usually wrote K\ (resp. K 2 ) and we set K := (Ki,K 2 ). By 
$p(Kj), < p < 2 we denoted the set of p- faces of Kj, and - for every fixed real vector space V 
- we denoted by C p (Kj, V) the space of maps $ p (Kj) — > V ("V- valued p-cochains of Kj"). 

i) In Sec. 5 in [30] we introduced the following spaces 



B(K) 


:= C\K 1 ,i)®C\K 2 ,i) 


(2.13a) 


Ax(K) 


:= C\K U fi)®C x {K2,z) 


(2.13b) 


Ax, v (K) 


:= C\K U V)®C\K 2 ,V) 


(2.13c) 


aHk) 


= MaptZjv^sOfQ) * Map(Z Ar ,C 1 (iiC 1 ,0) © C\K 2 ,q)) 


(2.13d) 


AHk) 


:= {A ± e A ± (K) | ^ teZN A ± (t) e A^(K)} 


(2.13e) 


Ac{k) 


:= {A L E A^iK) | A x (-) is constant and ^^(if )-valued} 


(2.13f) 



Observe that we have A^(K) ^ A-e,i(K) and 

A ± {K) =A ± {K)®Aj(K) (2.14) 

Clearly, Eq. (|2.14p is a discrete analogue of the decomposition A ± = A~ L © A^r , cf. Eq. (|2.3p 
above. 



Remark 2.3 Recall from Remark 5.1 in [30] that instead of the space A^~{K) above we could 
also work with the space A^ tern (K) := Map{l%$, C l {Kx, $)) © Map(Z|^ n ,C 1 (iT 2 ,5)), cf. Ap- 
pendix D in [30J. A L (K) arises from A^ ltern (K) after making the obvious identifications and 
has the advantage of simplifying the notation. 

7 i.e. the analogue of Eq. (|3.6[) which one obtains by rewriting Eq. (|2.12[) m a similar way as Eq. (|3.6[1 was 
obtained by rewriting Eq. (|2.8[) 

8 i.e. the set of edges is given by {(t, t + 1) | t £ Zn} 



We denote by (A c )j G C l {Kj,V) and Af G Map(Zjv, C x {Kj, g)), j G {1,2}, the obvious compo- 
nents of A c G ^sy(i^) and A" 1 G A^{K). Moreover, for A c G Azy{K) and e G 3i(2ifi) U$i(K 2 ) 
we set 

A c (e) := (A c )j(e) where j G {1, 2} is given by e G $i(Kj) (2.15) 

ii) The scalar product (■, -) g on g induces a scalar product <C •, • ^>a^(k) on -^s(^) in the 
obvious way. Moreover, we obtain a scalar product <C •, • S^xon on A.- L (i ; C) by 

« At,A£ ^ AHK) := ± Y. t&N « ( 2 - 16 ) 

(cf. Remark 5.1 and Appendix D in [30] for the motivation of the factor ^jy appearing above). 
The restriction of <C •, • ^ > a ± (K) onto A^(K) will be denoted by <C •, • ^a^-IK) ■ 

iii) Recall also that for every real vector space V and p = 0,1,2 we introduced discrete 
Hodge operators * Kl : C*{K X , V) -> C 2 ~p(K 2 ,V) and *k 2 : CP(K 2 , V) -»• C 2 ~p{K x , V), cf. Sec. 
4 in [30]. Moreover, we introduced two different operators denoted by *k- Firstly, the operator 
* K : Ax(K) -> 4s (tf) = ^(^1,0) © C^.fl) given by 

- =- U *?) * 2 - i7 > 

and, secondly, the operator *k : A _L (2(') — )• A _L (2^) given by 

(★ ir A ± )(t) = * A -(A- L (*)) VA X G A" L (2^), t G Z^v 

Remark 2.4 In view of the discussion in Sec. 13.41 below where we compare Approach II, 
which will be introduced below, with the "old" Approach I of [30] let us remark that the 
expression <C A- 1 , -kxdxB ^>a ± (K) appearing in Eq. (5.8) in [3D] could have been rewritten as 
<C *Kr<iKrA J ~, 2? 3>b(^) where <C ■, • 3>B(_ftr) is the "obvious" scalar product on B(2Q and where 

* x :C 2 (K 1 ,t)®C 2 (K 2 ,t) ^C (2^ 1 ,t)©C°(K 2 ,t) (2.18) 
is again given by Eq. (|2.17j) (with the obvious reinterpretation of the maps *k ) . 



3 Approach II: Motivation and Overview 

The main changes of Approach II compared to Approach I are: 

(CHI) We will not only work with the cell complexes K\ = /C and K 2 = K 1 introduced above but 
also with the barycentric subdivision^) b)C of K,. 

(CH2) We take as our starting point for the rigorous definition of WLO(L) a new heuristic 
formula for WLO(L), which is equivalent to Eq. (|2.8p above but suggests a different way 
of discretizing the corresponding RHS. 

These changes will allow us to 

• eliminat^l Modifications (Mod2) and (Mod3) in Approach I 

• replace Modification (Modi) in Approach I by a more natural version, 
cf. Remark 5.6 in [30] and Remark 13.111 and Remark 14.11 below. 

9 instead of bfC we could also work with the coarser cell complex qKL appearing in Remark 13.11 below 
10 cf., however, Remark l3.11l b elow 



3.1 Change (CHI) 

From now one we will assume for simplicity that K 2 = (T,,C') was chosen to be the "canonical" 
dual of K\ = (S,C). In this case the barycentric subdivision of C coincides with the one of C 
We will denote it by bC and we will set bfC = (£, bC) in the following. Observe that we have 

So(WC) =$ (K 1 )UZo(Ki\K 2 )u3 (K 2 ) (3.1) 

with 

$ {Ki\K 2 ) := {e | e G Si(#i)} = {e \ e G $i(K 2 )} (3.2) 
where U denotes disjoint union and e the barycenter of the edge e. 

Recall that in Approach I we used the space B(K) as a discrete analogue for the space B 
appearing in Eq. (|2.ip . In Approach II we will work with the space 

B(bK) := C°(WC,t) (3.3) 

instead. Similarly, we will take as the discrete analogues of the spaces 

Az,t and £ := Q 2 (T,,t) 

appearing in Eq. (|2.8j) above and Eq. (|3.6[) below the spaces 

Av,i{bK) -C^bJC^) (3.4) 
S(bK) := C 2 (blC,t) (3.5) 

The scalar product (•, •) on q(d t) induces scalar products <C •, • jjjjc) and <C ■, • ^>g(bK) 011 
Ax,t(b)C) and £(bJC) in the obvious way. 

Recall from [30] that C P (K\), C P (K 2 ), C p (bfC) p G {0, 1, 2} denote the corresponding spaced 
of p-chains with coefficients in M. 

Convention 1 i) In the following we will identify C p {Kj) for p G {0,1,2} and j G {1,2} 
with the "obvious'^^ subspace of C p (b)C). 

ii) For p G {0, 1, 2} we set 

C P (K) := C p (Jfi) + C P (K 2 ) c C p (6/C) 

Observe that for p G {0, 1} the sum on the RHS is direct (but for p = 2 it is not). So for 
p G {0, 1} we have C P {K) C P {K{) © C p (^ 2 ) 

mj VKe will identify B(K) = C°(Ki, t) © C°(if 2 , t) = C (if) ©r t toitft i/ie obvious subspace of 
B(bK) C {b)C) ® E t. 

Remark 3.1 Instead of working with bIC we could also work with the the "coarser" polyhedral 
cell compleXiH qK. on £ which is determined by 

• Jo(fK) = JoW 

• ^(g/C) = $i(bK)\{e G 3i(WC) I both endpoints of e lie in #0(^1) U £0(^2)}, 

The set $ 2 (blC) is uniquely determined by 3u(<?^) and $i(qtC). Observe that each F G $ 2 (qK,) is 
a quadrangle and that each F is the union of exactly two faces of #2 (blC). The use of qK, would 
have an important advantage, cf. part [D] of the Appendix below. However, since the reader is 
more familiar with 6/C we decided to work with blC in the main part of the paper and we will 
use qK, only in part [D] of the Appendix. 

since all these cell complexes are finite we can (and sometimes will) identify the spaces above with the spaces 
C P (K 3 ,R), j = 1,2 and C P (WC,R), respectively 

12 somewhat more precisely: C p (Kj) is identified with the space ip{C p {Kj)) where ip : C p (Kj) — > C p (blC) is the 
(uniquely determined) injective linear map ip(a) = ^2 a i ct Vq £ $ P (Kj) C C p (Kj) where the sum is over those 
o 1 € 5 p (b/C) which are "contained" in a 

13 cf. Footnote 39 in Sec. 15.21 for an example 



\B=*E 



3.2 Change (CH2) 

3.2.1 The new heuristic formula for WLO(L) 

For reasons which will become clear later (cf. Remark 13.51 in Sec. !3.2.3l below) let us now rewrite 
Eq. (I2.8P using a suitable change of variable. In order to do so we use the fact that the Hodge 
star operator * : il 2 (£,t) — > 0°(S,t) (induced by the auxiliary Riemannian metric g on £ fixed 
in Sec. 12.21 above) is a linear isomorphism. Then we arrive at 

x / ]J.Tr Pi (llol l .(A x ,A c ,B;h))eMiScs(A ± ,B))DA J 

JA 1 ^ 1 

xexp(-2vrifc/ (cL4 sg (h), *E) exp(iS C s(A c , E))(D A c ® DE) (3.6) 

where DE is the informal Lebesgue measure on £ := il 2 (£,t) and where we have set 

Scs(A c ,E):=Scs(A c ,*E), (3.7) 

Rol^, A c ,B;h) ■.= Ko] l .(A ± + A c ,B;h) (3.8) 
From Eq. (|2.11[) in Sec. [2] above we obtain 

S CS (A C , E) = -2irk < A c , 5E t (3.9) 

where 5 : il 2 (£,t) — > ri 1 (S,t) = A^,t is given by 5 := *d*. 

Remark 3.2 Recall that according to Remark 12.21 above it is probably possible to justify a 
simplified version of the heuristic equation Eq. (12. 8p from which Eq. (13.6|) was derived. If so, 
then we obtain an analogous simplification of Eq. (|3.6p above. 

3.2.2 The map d bK . : S(bK) -> As,t(bK) 

Since blC is a finite simplicial complex we can make the identifications £{bK,) = C 2 (6/C,t) = 
C 2 (bK) ® t and A%,t{bK) = C l {bK,,i) ^ Ci(WC) ® t. The boundary operator d bK : C 2 (WC) -> 
C\(bK) then induces in the obvious way an operator £{bK.) — > A^i(bfC), which will also be 
denoted by dbic- 

This operator dbic will be used as the discrete analogue of the operator 5 : Q 2 (£,t) — >• 
f2 1 (S,t) = As,t appearing in Sec. 13.2.11 above. 

Remark 3.3 Let us emphasize that dbic is indeed a natural discrete analogue of the operator 

5 appearing in Eq. (|3.9p above. In order to see this note, firstly, that dbic is clearly a natural 

discrete analogue of the differential d : f2 1 (S,t) — > J7 2 (S,t), secondly, that 5 is the adjoint of d 

Til 



w.r.t. to the two scalar products <C •, • ^a-e t and I <C •, • 3>£ on A^,,i and £ and, thirdly, that 
dbic is the adjoint of dbic w.r.t. to the two scalar products <C •, • 3>^ E t ( b K) an d ^ "> ' ^SCbK.) on 
Az,i{bK) and £{bK). 

Put differently: we can rewrite Eq. (|3.9p above as 



Scs(A c , E) = -2k7r < dA c , E > £ (3.10) 

This suggests that for the discrete analogue Sq^ c (A c , E) of Scs(A c , E) we make the ansatz 

S^ C (A C , E) := -2vrfc « d bK A c , E » £(6/c) (3.11) 

But since dbic is the adjoint of d\,K w.r.t. the scalar products <C •, ■ ^.4 E Jbjc) and <C •, ■ ^>£(bic) 
the RHS of the last equation coincides with the RHS of Eq. (|4.2b|) in Sec. 14.21 below. 

14 the scalar product <C •, • 3>£ is defined in the obvious way 



3.2.3 The map * bK : 8{bK) -> B(bK) 

The map * K ■ C 2 (Ki,t) © C 2 (K 2 ,t) -> C (ii:2,t) © C^tfi.t) appearing in Remark El above 
can be considered as a discrete analogue of the map * : 2 (E,t) — > f2°(E,t) appearing in Sec. 
13.2.11 above. However, in Approach II this mapEl *k will not be useful. Instead we will work 
with a suitable map : C 2 (6/C,t) — > C (6/C,t), which we will now introduce. In order to do 
so we proceed in two steps: 

Step 1 First we observe that the (simplicial) cell decomposition bC appearing in bK. = (£,6C) 
induces in a canonical way a "normalized'!^! Riemannian metric on 

s (2) . = YP\bC) := union of the open 2-simplices of bC (3.12) 

Let 

Scan be this Riemannian metric and let k can : 2 (£( 2 ),t) -> ft°(£( 2 ),t) be the Hodge 
star operator w.r.t. g ca n- We also observe that there is a canonical map, the so-called 
Whitney map, W : C 2 (blC,t) -»• ft 2 (E( 2 ),t). 

Thus we obtain a natural map * : C 2 {bK,t) -> Map(S( 2 ),t) given by *.E := * mn W(£) for 
all E 1 G C 2 (WC,t). In fact, assuming the aforementioned normalization condition on the 
Riemannian metric this map can be rewritten explicitly by the simple equation 

(*E)(x) = E{F X ) (3.13) 

for all i £ E' 2 ' where F x is the unique 2- face containing x. 

Step 2 Recall that, for each E G C 2 (WC,t), the map -kE is only defined on £( 2 ) and not on all 
of £. In order to get a mapf^l C 2 (bJC, t) — )■ C°(6/C, t) we will now extend each *£" to a map 
: £ -> t. 

In order to do so we make the ansatz 

l mean {FG5 2 (^)|xeF,Fno=0} if x i ° 

where O C £ is a suitable open subset of £ which will be fixed below, cf. part i) of Remark 
13.41 below for a comment on O. 



The map C 2 (WC,t) 9 £ H- *£? G Map(£,t) now induces a map £(WC) = C 2 {bK,t) -> 
C°(b)C, t) = B(bK.) in the obvious way. Both of the two maps mentioned in the last 
sentence will be denoted by *yc in the following. Moreover, also the two analogous maps 
where t is replaced by M. will be denoted by *b)C m the following. 

Remark 3.4 i) The set O appearing above will be taken to be O = (Jj Oi where Oi C £ are 
as in Sec. 15.21 Accordingly, the definition of *bic wm depend on the link L = I2, ■ ■ ■ , l m ) 
and the framings 1' 2 , . . . , l' m ) fixed in Sec. 14.81 below. 

ii) For thos^l E G £(b)C) which appear in the proof of Theorem 15.31 below the arithmetic 
means appearing on the RHS of Eq. (|3.14p will be trivial. In this situation *E can be 
characterized as the unique extension of *E : £( 2 ) — > i to all of E such that both *E\-£\q 
and *E\q are continuous. 



J which should not be confused with the map -kK ■ A^iK) ->■ A J ~(K) which appears both in Approach I and 
Approach II 

16 we choose the normalization such that every 2-simplex has area 1 
"recall that C°(WC,t) is the space of maps So(bK) -¥ t but $ (bK.) n E (2) - « 



18 i 



c. E of the form E — b + i £\ cti ■ Di where b £ t, a, £ A and Di given as in Sec. 15.4.21 below 



Remark 3.5 I have not been able to find a discrete analogue C (bfZ, t) — > C 2 (blC, t) of the map 

* : B — > £ which would lead to a result like Theorem 15.31 This is the main reason for making 
the transition from the space B to £■ in the heuristic formula (13, 6p above. This transition allows 
us work with the discrete analoguJ^l : C 2 (b)C, t) — > C°(b)C, t) of the map * : £ — > B instead. 

3.3 New discretization of the operator + ad(B) appearing in Eq. f)2.10p 

Let us now reconsider the issue of discretizing the operatoJ^I J^- + ad(l?), appearing in Eq. (|2.10p 
above. We will often write dt instead of in the following. 

As a preparation let us consider first, for fixed b G t, the continuum operator L(b) : = 
d t + ad(6) : C°°(S\ g) -> C 00 ^ 1 ^). We want to find discrete analogue L N (b) : Map(Zjv,g) -> 
Map(Zjv,0). 

Remark 3.6 Recall that we have identified Z^r with the subgroup {e^ k \l<k< N} of the Lie 
group0 S 1 . Note that under this identification 1 G Zjy is identified with e 2m ~^ = igi(l/N) G 5 1 . 

Three natural choices for L N (b) are 

4 (7V) + ad(6) , 4 {A ° + ad(6) , d f (A ° + ad(6) 

with 

4 W := N( T1 - r ), af ) := N(r - r_0, ^ := f (n - r_ l} 

where r x is the translation operator Map(ZAr,g) — > Map(ZAr,g) given by (r x /)(t) = f(t + x). 
(Instead of tq we will simply write 1 in the following). 

The discretization of dt + ad(-B) introduced in Sec. 5.2 in [30] was closely related to the two 
operators d[ N ^ + ad(b) and d[ N ^ + ad(6). 

In fact, there are other quite natural discrete versions of L(b) = dt + ad(6), namely 

LW(6) := Ninety* - 1) (3.15a) 
L^(6) := N(l - r_ie _ad ( 6 ^) (3.15b) 
:= f (ne^'^ - r-ie-^^) if iV is even (3.15c) 

and - as we will see later - working with the latter three operator allows us to avoid the 
continuum limit in the S^-direction mentioned in Remark 5.9 in [30]. 

We will now restrict our attention to the first of these three operators, i.e. L^ N ' (b) , and we will 
demonstrate that this operator is indeed a natural discretization of L(b). Similar considerations 
can be made for the other two operators L^ N \b) and L^ N \b). 

3.3.1 1. Motivation 

Let b G t be fixed and let (T s ) sg K be the 1-parameter group of orthogonal operators on the real 
Hilbert space L^(S ,dt) which is generated by L(b). We have the following explicit formulas: 

T s = T l(s) e sad( - b \ s G R (3.16) 

19 in contrast to K\ or K2 the polyhedral cell complex bJC will always be a simplicial complex, in particular we 
will always have #52 (WC) > #5o(b^C) where = holds only in very few special cases. In view of this asymmetry it 
should not be surprising that, apparently, it makes a difference if one tries to find a "good" discrete analogue of 

* : B — s- £ or of * : £ — > B 

20 Recall that in [3pJ we introduced the map i s i :l9si-> ^ gi y^ e w ^ ft en simply write i(s) instead 

of i s i(s), s G E. Recall also that is the vector field on S 1 induced by i s i 
21 We will write the group law of S 1 additively 



Lib) = km ±^ on C°°(S\q) (3.17) 
where r t is the translation operator L^S 1 , dt) — > L'i{S 1 ,dt) given by (r t /)(t') = f(t + t'). 
As a discrete analogue (T s ) s6 j_ z of (T s ) sS ir we now take 

and a natural discrete analogue of the RHS of Eq. (|3.17p is then 

T (JV)_„(AT) 

= Nir^eir-W) - 1) = m(b) 



3.3.2 2. Motivation 

Let b £ t be fixed. Observe that L^ N '(b) coincides with <9t on Map(Zjv, t), which is a very natural 
operator. For our purposes it is therefore enough to demonstrate that the operator 

:=LW(6)| MapM 
is a natural discretization of the continuum operator 

S := L(6)| C oo( S i )t ) 

In the special case where 6 S (which is the only case relevant for us) S is invertible and 
S" 1 : C 00 ^ 1 ,*) -»• C°°(5 1 ,e) is given explicitly by 

(S- 1 /)W = (exp(ad(6))| { -l t )" 1 - f e sad ^ f(t + i(s))ds, t e S 1 (3.18) 

JO 

This suggests the following discrete analogue 5^ : Map(Z7v,t) — >■ Map(ZAr,£) of 5 _1 : 



(S^fXt) = (exp(ad(6))| { - l^" 1 ■yE^^^^ + ^M/J?' * G Zjv ( 3 - 19 ) 

Clearly, if is invertible then (5^) _1 can be considered as a discrete analogue of S. 

Now a short computation shows that • = id Map ( ZjVjt ) so 5^ is indeed invertible 
and we have = (SrjL)- 1 . 

3.3.3 Computing the determinants 

Let b E t again be fixed. Recall the definition of the three linear operators L^ N \b), L^ N \b), and 
on Map(ZAr,g), cf. Eqs. (I3TT5]) above. 
In the following we will consider the restriction of each of these three operators onto the 
orthogonal complement of its kerne@ The restrictions will again be denoted by L^ N \b), 
LW(b), and ZW(6). 



22 w.r.t. the obvious scalar product on Map(Zjv, £)) 
for 6 £ ireg, which is the case relevant for us, we have ker(L (JV) (fe)) = ker(Z (JV) (6)) = Map c (Zjv,t) with 
Map c (Zjv,t) := {/ G Map(Zjv,g) | / is a constant function taking values in t } = t. The orthogonal complement 
Map'(Zjv,0) of Map c (Zjv, t) is given by Map'(Zjv,;j) = {/ € Map(Zjv,g) | X^tgZjv /(*) G Similar statements 
hold for ker(Z (JV) (6)) 



Observation 3.7 We hav¥\ 

det(L (7V) (6)) = ±det(l t - exp(ad(6))| { ) • N d , (3.20) 
det(L^(6)) = ±det(l { -exp(ad(6))| { ) • N d , (3.21) 
det(Z^(6)) = det(l { - exp(ad(6))| { ) 2 (f ) V r if N is even (3.22) 

where d := dim(Map(Z7v, fl)) = Adim(g), r := dim(t). 

Proof. Let us provc@ Eq. (I3T20D . The proof of Eqs. (13311 and (I3T22D (and Eq. ([333]) 
below) is similar. First observe that 

det(L (JV) (&)) = det(A(ne ad(fe)/7V - 1)) = N d ' det(n - e~ "W/*) (3.23) 

where d' := dim(Map'(Z7v, £()) = d — dim(t) and where we have used that e^^/N is orthogonal. 
The complexified operator (n — e - ad ( fe )/ Ar ) <gj id c i s diagonalizable with eigenvalues 

Afe )Q := e jv — e w , for each k G TL^^a G Tec 

A*fc,a := - 1 for each fe G (Zat\{0}), a G {1, 2, ... , dim(t)} 

where denotes the set of complex roots of q w.r.t. t (cf. part [A] of the Appendix). Using 
the two polynomial equations ar — 1 = 11^. =0 (x — e w ) = (—1) llk=o \ e N ~ x ) ano - x + 
x + ... + 1 = Hfc=i (x — e Af ) = (—1) llfc=i ( e " ~ x ) we therefore obtain 

det(n - e - ad ( fo )/ JV ) = det c ((ri - e'^^) ® id c ) 

= (iu. n>- - - }) (iu^ou-* - >») 

= (iu.m)"^' - *>) (n„ ir (-i) N - i {»}) = (-d^-'jvil^^' - 1} 

The assertion now follows by combining the last equation with Eq. (|3.23[) above and by taking 
into account the relations d = d' + r and Y\ a en c ^ e ~ a ^ ~ ^ = n«e7ec^ ~~ e a ^) = detc((l{ — 
exp(ad(6))| { ) ® idc) = det(lj — exp(ad(6))| t .) . 

□ 

Remark 3.8 On the other hanc@ 

det(4 + ad(6)) = det(«9 i + ad(6)) = ±A d det(l t - ((1 + ^)^) |{ ) (3.24) 

Eq. (|3.24p shows that, when working with the operators d t + ad (6) and d t + ad (6) instead of 
L^ N \b) and L^ N \b), we have no chance of arriving at the expression det(l{ — exp(ad(6))ij) 
without letting N — > oo. 

3.3.4 The operator L^ N \B) 

For all B G B(bJC) we will denote by L( N \B) the operator A ± (K) ->■ A ± (K) which, under the 
identification 

A ± (K)^M^(Z N ,C 1 (K 1 ,g))®M & p(Z N ,C 1 (K 2 , e )) 

24 the - sign in Eqs. (pT2U)) and $7ZT\ holds iff both r and TV — 1 are odd 
25 We prefer to prove Eq. (|3.20|l directly instead of exploiting Eq. (|3.19[) above 

26 the explicit expression of det(9t + ad(&)) is more complicated and will not be relevant for us; we omit the 
corresponding explicit formula 



is given by (cf. Remark 13.101 below) 

Am) <3 - 25 » 

Here 1(^(5) : Map(Zjv, C X (K U g)) -> Map(Zjv, C 1 ^, g)) and Z,^) (£) : Map(Zjv, C 1 ^, fl)) - 
Map(Z7v, C 1 (i^2,g)) are given by 

U N \B)) - e^^i^jL^fBfe)) (3.26a) 
= ©8680(^1^)^(^(6)) (3.26b) 

where #0(^1 1-^2) is as in Eq. (j3.2|) above. In Eqs. (|3.26aj) and (|3.26b|) we used the obvious 
identification 

Map(Z JV ,C 1 ( J K i ,g)) ffi e ej (xi) Map(ZAr,g) 0^^,^) Map(Zjv, g) 

Observe that L( N ^(B) leaves the subspace ^4 _L (-R') of ^4 _L (i ; C) invariant. The restriction of 
L^(B) onto ^(if) will also be denoted by L^(B) in the following. 

Observation 3.9 

i) The operator S^ N \B) := *kL( n '(B) is symmetric w.r.t. the scalar product <C ■, • ^^(K)- 
ii) From Eqs. (|3.25j) . ()3.26ap . (|3.26b|) . and Observation 3.7 above it follows that 

dat(LW(J3)) = iV d n^ o( ^ l|JC2) det(l t - ad(£(e))| { ) 2 (3.27) 

where d := dim(./4~ L (.K')) 

Remark 3.10 Recall that in the definition of the operator (B) above the operators 
and U N \b) appeared on the RHS of Eqs. (l3T25a|l and (jg^BEjl . O ne might wonder why we did 
not make use of the operator L^ N \b) instead. This question is analogous to the question asked 
in Remark 5.3 in 1 30 1 and has a similar answer: 



If we identify the space A ± (K) above with the space A^ tern (K) which was introduced 
in Appendix D in [30] then an alternative ansatz for the operator S^ N \B) = -kxL^' (B) is 
suggested, and this alternative ansatz indeed involves the operators L^ N \b). 

For the purpose of the present paper it is sufficient to work with the original definition of 
S( N '(B). On the other hand, if links with crossing points are studied, cf. Sec. [6] below, then it 
may well turn out that the alternative definition for (B) is superior to the one used above. 



3.4 Comparison of Approach I and Approach II 

As we mentioned at the beginning of Sec. [3] Approach II has several advantages over Approach I. 
In particular, the very artificial condition (Mod3) of Approach I is also eliminated in Approach II. 
Moreover, (Mod2) of Approach I does not appear in Approach II. On the other hand, Approach 
II has the following two disadvantages compared to Approach I: 

(Dl) The map : £(btC) — > B(bfC) introduced in Sec. 13.2.31 is less natural than the map 
* K ■ C 2 (K U t) C 2 (K 2 , t) -> C°(K 2 ,t) C°{K U t) given by Eq. lpT8]) . In particular, * hK 
is not bijectivJ^l. 



and, in fact, cannot be expected to be so since in general dim(£(WC)) dim(£>(WC)) 



(D2) The discrete realizations A ± (K) and A^blC) (cf. Eq. flZZEej) and Eq. ([331)) of the 
spaces A 1 - and As t t of Sec. 12.11 do not "fit together" well in the sense that there is no 
natural discrete version of A ± such that a discrete analogue of the decomposition (|2.3D 
above holds. 

(By contrast, in Approach I we use the discretization Ay,,i(K) instead of A^^blC). Clearly, 
As,i(K) At(K) and A L {K), do "fit together", cf. Eq. GHM above.) 

Remark 3.11 Observe that (Mod2) in Approach I has some similarities with the issue in (Dl): 
(Mod2) deals with an extension procedure, namely the extension of the map Bj : $o(Ki) U 

#0(^2) — > t to a map Bj : SbC^l) U i?o(^i|^2) U ^0(^2) — > t. On the other hand the definition 

of *6/c used in Approach II involves a similar extension procedure, cf. Step 2 in Sec. 13.2.31 above. 

Both of these extension procedures are not totally natural^!. 

We will see later that, once we pass to the BF-point of view, the similarities between 

Approach I and Approach II become even greater, cf. "Alternative 2" in part[E]of the Appendix 

below. 

For the purposes of the present paper points (Dl) and (D2) above do not represent a serious 
problem^!. However, both points could have serious negative consequences for the simplicial 
program (cf. Appendix |F] and Remark IF.ll below) so it would be desirable to find a way to 
eliminate them. In part [D] of the Appendix below we will sketch two methods which should 
allow point (D2) to be eliminated successfulhf^l, 

4 Approach II: the remaining details 

4.1 Three conventions 

Convention 2 In the following ~ will denote equality up to a multiplicative constant. This 
"constant" may depend on G, N , K,, and k but it will never depend on the link L. 

Convention 3 A Euclidean space (V, {-,-)v) w ^ often be denoted simply by V if no confusion 
about the scalar product (-,-}v can arise. 

Convention 4 We will simply write * for each of the four maps 



Hie 
*bK, 



£{b1C) ->-Map(£,t) (4.1a) 

£(bK) B(bK) (4.1b) 

C 2 (WC, R) Map(S, M) (4.1c) 

C 2 {blC,M.) C°(&/C,K) (4.1d) 



introduced in Sec. \3.2.3\ above. 

Recall that * also denotes the maps * : C P (K\) — > C2- v {K'i) and * : C V (K<2) —> C2- P (K\) , 
p E {0, 1,2}, introduced in Sec. in \30^ . These two maps (in the the special case p = 1) will 
also appear below. 



2S and it was therefore somewhat misleading to state above that in Approach II condition (Mod2) is eliminated; 
in fact, the extension "issue" in (Mod2) is simply replaced by another extension "issue" 

29 recall that we only consider the problem of discretizing the torus gauge-fixed CS path integral rather than 
the original (= non-gauge fixed) CS path integral 

30 "successfully" in the sense that a version of Theorem 15.31 below can be derived after performing the relevant 
modifications suggested in part [D] of the Appendix 



4.2 Definition of Sg^A 1 , B) and S^ C (A C , E) 

As the discrete analogues of the continuum expressions Scs(A^~, B) and Scs(A c , E) in Eq. 
(|2.10p and Eq. (|3.9|) above we will use the expressions^] 

S d S s s c {A L ,B) := irk « A ± ,* k lW(B)A ± (4.2a) 
for B G E(WC), i x G AA{K) and 

^?f c (A c , £) := -2tt& « A c , ^ »^ it(WC) (4.2b) 
for A c G A E , t (6/C), E G £(WC). 

4.3 Definition of Holf sc (i\ A c , 5; h) 

Let i x G ^(if), A c G ^s,t(6AC), 5 G B(bK), h G [S,G/T] and let Z = (l^) k < n be a discrete 
loop in i^i x Ztv and Z' = (l'^)k<n' a discrete loop in x Zn, which is a "framing" of Z in the 
sense of Sec. 4.4 in [30]. Without loss of generalit}jfl we can assume that n' = n. 

By (4: )fc<n> (^s )fc<n> {lai)k<m an d (lqi^)k<n we denote the "projected" discrete loops in 
K-\ , K9., and Zjv, cf. Sec. 5.3 in [30] . In complete analogy to Eq. (5.17) in Sec. 5.3 in [30] we 

n , 

Rolf-(A\A c ,B;h) :=nex P U(i>^)^^ 

k=i ^ 

+ h(J lW A ^ + J fm + 3 fl («4 fc) ) " w + \B{.i^) 4sgn(Z^ 

where sgn(e) G {—1,0, 1} is given by sgn(e) = ±1 if e G ±$i(Zn) C Ci(Zjv) and sgn(e) = if e 
is the "empty" edge G Ci(Zjv). 

In the expression f( fe ) -A sg (h) (resp. J"/^ A sg (h)) we consider Z^ (resp. Z^ ) as a smooth 
curve c : [0, 1] — > £ in the obvious way. 

4.4 Definition of Det% c (B) 

Let us now introduce a discrete analogue Detpp(B) of the heuristic expression Det fp(B) = 
det(l| - exp(ad(B))|() given by Eq. ([22]) above. Motivated by Eq. (5.34) in [30] and Eq. (IBTTD 
above we make the ansatz 

Detff?(£) := II xe5oW det (^ " exp(ad(i?(x)))|0 1/2 (4.4) 

for every B G B(bK). 

Remark 4.1 Eq. (|4.4p is analogous but in some sense more natural than Eq. (5.34) in [30] 
since now all vertices x G ^o(bfC) are "on equal footing". 



'(*h» (4.3) 



4.5 Discrete version of J EUcr 1 (oL4 sg (h), *E) 



As the discrete analogue of the expression , q , (cL4 sg (h), in Eq. (13.61) (where £7 G f2 2 (£, t)) 
we will take 



<<L4 sg (h),*£) (4.5) 

'E\{<X } 

(where E G £(bfC) and where * is as in Eq. (|4.1ap ). 



31 recall the definition of the operator L^ N \B) in Sec. 13.3.41 above and recall also that according to Sec. 13.3.11 
and Sec. 13.3.21 1/^ (B) is a natural discrete analogue of the operator d/dt + ad(B) appearing in Eq. (|2.10[) 
32 it is always possible to add "empty edges" to I or to I', if necessary 

ly- ) and A c y 



33 according to Convention \T\ in Sec. 13. li the expressions A c (l^) and A c (l^) are indeed well-defined 



4.6 Discrete version of lc oo (E,w 9 )(-^) 



Recall that in Approach I we fixed a family (1^ ) s> o, of elements of C^°(t), with the following 
properties: 

• Image(l2 g ) C [0, 1] and supp(l2 a ) C Ueg 

• if 5 '' — > 1* „ pointwise as s — > 

L reg ' L y 

• Each 1^ is invariant under the operation of the affine Weyl group W a ff on t 
For fixed s > and B E B{bfC) we will now take the expression 

as the discrete analogue of l<7oo( Str(jg )(.B). Later we will let s — > 0. 

4.7 Discrete versions of the two Gauss-type measures in Eq. (13.61) 

i) Let DA 1 - denote the (normalized) Lebesgue measure onA^~{K) (cf. Convention [3|). According 
to Eq. (]4.2ap the complex measure 

exp( l SS s s c (A ± ,B))DA ± (4.7) 

is a centered oscillatory Gauss type measure on A^~(K), which - according to Eq. (|3.27p - is 
non-degenerate if B £ B re g{bfC) where 

B reg {bK,) := {B E B(bK) \ B{x) E i,. eg for all x E $ Q (bK)} (4.8) 

From Example 3.4 in [30] and Eq. (|3.27p above we obtain 



Zf sc := J exp(iS^ is s c (A ± ,B))DA- 



~ det(LW( J B))-V2 „ n^o^i^) det ( 1{ " ad ( 5 ( e "))|f) ( 49 ) 
For later use let us set for every B E B reg (blC) 

dvf c ■= zkr a exp(iS*! c (i\ B))DA L (4.10) 

Clearly, dvg sc is a normalized centered non-degenerate oscillatory Gauss type measure. 

ii) Let DA C denote the (normalized) Lebesgue measure on As^(blC) and DE the (normalized) 
Lebesgue measure on £(bfC) (cf. again Convention [3]). According to Eq. (|4.2bp above, the 
complex measure 

eMiScs C ( A c,E))(DA c ®DE) (4.11) 
is a centered oscillatory Gauss type measure on A^^blC) © £(blC). 
For later use (cf. Step 2 of Sec. [5] below) let us set 

dv disc := ^Lr exp(iS§ s s c (A c , E)){DA C ® £>£), with (4.12a) 

Z^ c := y exp(iS^ c (^,£))(IM c ®L>£), (4.12b) 

Clearly, dv dlsc is a normalized centered oscillatory Gauss type measure but it is not non- 
degenerate. Indeed, if S = S du dis C is the symmetric linear operator on AY,,i{b1C) © £(bfC) which 



is associated to dv dtsc (cf. Definition 3.1 in [30]) then we have ker(S) = A c i ose d(b)C) £ c {blC) 
where we have set 



S c {bK) := {E £ S{bK) | E is constant} ^ t (4.13) 
A dosed {bK) := {A c G Av, t (bK) | d bK A c = 0}, (4.14) 

Observe that since is dual to dye (w.r.t. the scalar products <C ^>Ar t (bK) an d 
< V »£(6/C)) the s P ace 

Aoex(&/C) := {d bK E I £ G £{bK)} C ^E,t(6/C) (4.15) 
is the orthogonal complement of A c i ose d(blC) in «4.£,t(WC). In particular, we have 

*4s,t(WC) = A^ se d(WC) A coex {bfC) (4.16) 

4.8 Definition of WLO^ c (L) and WLO rig (L) 

For the rest of this paper we will fix a discrete link L = I2, ■ ■ ■ , Z m ) in -f^i x Z^r with "colors" 
(pi, P2, ■ ■ ■ , Pm)-, m £~N. Moreover, for each i < m we fix a framing /• in the sense of Sec. 4.4 in 
[30] (in particular, each l\ is a discrete loop in K2 x Zjy). 

Using the definitions of the previous subsections we then arrive at the following rigorous 
simplicial analogue WLO^ c (L) of the heuristic expression WLO(L) in Eq. (13. 6j) : 

WLO^(L) := lim£ h6[S)G/r] jT {fl^ 1& (*(*))) Det&?(B) 

xexp(-27rifc / (dA sg (h),*£))exp(iS^f c (A c ,£))(ZM c ®L>£) (4.17) 

Js\{a } 

Finally, let us set 

, s WLO^ c (L) / 
WLO„ 3 (L) := — ^ (4.18) 



|b=*.e 



where is the "empty" linlj^l. 

Remark 4.2 i) We could equally state our main result below in terms of WLO^ c (L) rather 
than WLO r ig(L), part iii) of Remark [53] below. For stylistic reasons we prefer WLO r j 9 (L). 

ii) Recall that according to Remark 13.21 above it is probably possible to justify a simplified 
version of the heuristic equation Eq. (|3.6p . If this is the case then, clearly, we are lead to 
an analogous simplification of the definition of WLO^ c (L) above. 



5 The main result 

5.1 The special class of links considered 

From now on we will restrict ourselves to the special case where the discrete link L = (li, I2, ■ ■ ■ , l m ) 
fixed in Sec. 14.81 above fulfills the following two conditions (as in [30] we consider each loop li 
has a piecewise smooth loop in S; moreover we set l\. := (/i)s and l l sl := 

3 in other words: WLO*g C (0) is given by the expression which we get from the RHS of Eq. (|4.17p after omitting 
the product J]™ 1 Tr Ps (Hol* sc (A x , A c , B; h)) 



(NCP) The link L has no crossing points, i.e. the projected loops Z^, Z|;, . . . , 1™ are non-intersecting 
Jordan loops in S. 

(NH) Each Z^ is null-homologous. 

Figures [TH3] below show examples for links fulfilling both (NCP) and (NH) 






Figure 1: 



Figure 2: 




Figure 3: 



Remark 5.1 In spite of the simplicity of a link L fulfilling conditions (NCP) and (NH) the 
corresponding expression for the shadow invariant \L\ is definitely non-trivial, cf. Eq. (|B.9|) in 
part[B]of the Appendix and Remark 15.41 below. Observe^! in particular, that (NCP) (and (NH)) 
place no restrictions on the S^-projections l J sl of the loops lj, j < m, and so in general the link 
L will not be equivalent to a link with the property that there is a sequence (Di)i< m of pairwise 
disjoint disks D; C S such that for each j the arc of Z^ is contained in Dj. In particular, links 
fulfilling conditions and (NCP) and (NH) will in general not be equivalent to a link consisting 
of only "vertical" loops, i.e. loops whose S-projections are "points", cf. Fig. S]for an example. 
(Vertical links are the only type of links appearing in I12j). 



Figure 4: A vertical link consisting of three loops 



35 for example this is the case for the links in Fig. [2] and Fig. E]if, e.g., l J sl = i s i holds; by contrast the link in 
Fig. [T]will be equivalent to a vertical link if = i s i 



5.2 The special class of framings considered 

Recall that in Sec. 14.81 above we fixed a framing Z- for each of the loops Zj, i < m, appearing in 
the discrete link L = (h,fa,..., l m ). 

From now on we will only consider the special case where the following conditions (FC1)- 
(FC4) are fulfilled!! (here we use the short notation := l'^ := (ZQ s i): 

(FC1) For each % < m the loop Z^ is null-homologous and intersects neither Z^ nor itself, nor any 
of the loops Z^, Ijl with j 7^ i. 

(FC2) For each i < m the loop Z^ is "close" to V% in the sense that the open region O; C S 
"between"! 37 ! arcfZt.) and arc(Z^) does not contain an element of $o(bJC), cf. Example 15.21 
below. 

(FC3) For each i < m the loop Z^ has "the same orientation"^ as Z^. 
(FC4) For simplicity we assume that l l sl = 1% is fulfilled for each i < m 




Figure 5: Z^ is close to Z^ Figure 6: Z^ is not close to Z^ 

Example 5.2 Suppose that K\ = (E,Ci) and K% = (£,£2) where C\ is a "hexagonal" cell 
decomposition of S and C2 is a "triangular" cell decomposition of £ as irj^l Fig. [5] and Fig. [6l 
Assume that Z|. is the red loop and Z^ the blue loop. Accordingly, the set "CV" mentioned in 
(FC2) will be the open region between the blue and the red loop. Then Z^ is "close" to in 
Fig. [5] while in Fig. \6\l£ is not "close" to Z^ since Oi contains five elements of 5o(-^i) U 50(^2), 
painted greerQ 

36 from the assumptions (NCP) and (NH) on the link L it follows that one can usually find a tuple of framings 
fulfilling conditions (FC1)-(FC4). The only possible complication is that some of the loops U, i < m come "very 
close" to each other. The aforementioned complication can always be resolved by replacing K, and Kf by "finer" 
polyhedral cell complexes and by considering the loops h, i < m as discrete loops in the corresponding refined 
cell complexes 

37 more precisely, the unique connected component O of E\(arc(Z| : ) U arc(Z E 1 )) such that dO = arc(Z^) U arc(Z E ) 

38 more precisely: the open region Oi lies either "to the right" of tj, and "to the left" of l'£ or the other way 
around. Here "to the right/left" can, of course, be defined rigorously by using the orientation of E and the 
orientation of the loop or 

39 as a side remark let us mention that in Fig. [S] and Fig. [5] we have omitted some of the edges of the 
corresponding barycentric subdivision btC. In fact, the edges shown are exactly those of the coarser cell complex 
g/C mentioned in Remark l3.1l in Sec. 13.11 above 

40 in fact, Oi also contains five elements of 5o(-Ki|^2), which are, however, not highlighted in Fig. \§\ 



In the following we will take the set O appearing in Sec. 13.2.31 to be 



Thus our definition of * = wm depend on the link L = (Ji, I2, . . . , l m ) and the framings 
(I'i, 1' 2 , . . . , l' m ), cf. Remark 13.41 above. 

Assumption 1 In the following we will assume for simplicity that the point gq £ £ fixed above 
(cf., e.g., Sec. \4-5\ ) was chosen such that cr G BofiK.) and ao ^ Ui( arc Gx;) U arc (^s)) hold. 

5.3 The main result 

We are now ready to state our main result: 

Theorem 5.3 Assume that the link L = (l±, I2, ■ ■ ■ , l m ) fixed above fulfills conditions (NCP) and 
(NH) above and that the framings (l[, 1' 2 , ■ ■ ■ , l' m ) fulfill conditions (FCl)-(FC^) above. Assume 
also thaW\ k > c s where c s is the dual Coxeter number of g. Then WLO r j g (L) is well-defined 
and we have 

WLO„ 9 (L) = H (5.1) 

where is the "empty link" and where \ ■ \ is the shadow invariant associated to G and k, cf. 
part \B\ of the Appendix. 

Remark 5.4 Theorem 15.31 can be considered^! as a rigorous and more general version of the 
main result in [JT]. Let us make the following remarks: 

i) In [IT] only links composed of "vertical" loops I, cf. Remark 15.11 above, were considered 
(at a heuristic level) . The class of links considered in Theorem 15.31 above is considerably 
largeiFl On the other hand, links fulfilling conditions (NCP) and (NH) are still rather 
simple so one might wonder why we care about them. The reason why such links are 
still interesting is that the expression for the shadow invariant \L\ for such links is quite 
complicated, cf. Eq. (|B.9[) in part [B] of the Appendix below. In particular, three of the 
four factors \L\f, \L\2, \L\^, \L\^ appearing in the formula for the shadow invariant of a 
general link L (cf. Eq. (|B.4[) ) also appear in Eq. (jB.9[) . 

The fact that we have derived the RHS of Eq. (|B.9P from the CS path integral is (hope- 
fully) interesting by itself but, of course, we are mainly interested in the computation of 
WLO r ig(L) for general links, cf. Sec. [6] below for some comments in that direction. 

ii) Let us also emphasize that \L\ here is really the shadow invariant associated to G and k 
and not to G and k + c g where c g is the dual Coxeter number of g. In other words: we do 
not have a "shift in k" as predicted in much of the physicist literature, including 1 12 j . 
In Remark IB.2I in part [B] of the Appendix below we will comment on this issue. 

iii) The explicit expression for WLO^ c (L) is 

WLO^ c (L) = Cl k c > ([[ aen+ sin(^)) x(E) \L\ (5.2) 

where 1Z + and p are as in part [A] of the Appendix and where c±,C2 G C only depend on 
G, /C, and but not on k. (We omit the precise formulas for c\, C2). 

41 the situation < k < c g is not interesting since in this case the set appearing in Eq. (|B.3[) of part [Bl of 
the Appendix below is empty, cf. Remark IB. II below. Accordingly, \L\ = |0| = 0. It turns out that we then also 
have WLO^ c (L) = WLO*= C (0) = 

42 if one ignores the issue of the "shift in fc", cf. part ii) of the present Remark and Remark IB. 21 in part iBl of 
the Appendix 

43 also the corresponding set of equivalence classes is larger, cf. Remark 15 . 1 1 above 



Remark 5.5 One might wonder why we do not work with unframed loops, i.e. why we do not 
define Holf "(A 1 , A c , B; h) in analogy to Eq. (5.14) in [30] instead of Eq. @3J) above. Also 
then we would obtain an analogue of Theorem 15.31 and the proof would be simpler than for the 
original Theorem 15.31 

The problem with unframed loops is that their crossing points will go "undetected": there 
is no chance of obtaining a factor like \L\£ in Eq. (|B.4|) below in the explicit formula for 
WLO** c (L). So when working with unframed links we cannot hope to be able to find a gener- 
alization of Theorem 15.31 which includes the case of general links. 



5.4 Proof of Theorem 15.31 

Recall that Theorem 1 5 . 3 1 states that in the special situation described above WLO r j g (L) is well- 
defined and has the value |L|/|0|. In the following we will concentrate on the "computational 
half" of this statement. That WLO r j 9 (L) is well-defined in the first place will also become clear 
during the computational even though we will rarely make explicit statements in this directions. 

Convention 5 Without loss of generalitW\ let us assume that the discrete loops U, i < m, 
appearing above have the same length n G N. 

Let us now introduce the following notatioi¥^ for I = l{ = (l^)k<n, o,nd I' = l\ = (l.^)k<n, 
i £ {1,2, ... , m} (we use Convention^ above): 

: = i + \ l'i k) G Cx{K) C Ci(WC), k < n (5.3) 

:= ELi l * e Cl{K) c Cl(pK) (5 - 4) 

A sg (h)(4 fc) ) := \ I A sg (h) + \ I A sg (h), k < n (5.5) 
A sg (h)(fe) := | [ A sg (h) + \ f A sg (h) (5.6) 
A c (l^) := \A c {l { i ] ) + hM^ k) ), k<n, A c G Av, t (bK) (5.7) 

5.4.1 Step 1: Performing the / ^- • • exp(iS'^ c (I- L , B))DA ± integration in Eq. (|4"T7l) 

Lemma 1 Under the assumptions on the link L = (Ji, . . . ,l m ) and the framings . . . ,l' m ) 
made above we have for every fixed A c G Az t i(b)C), B G B reg (blC), and h G [E, G/T] 

J Y[.Tr pi (Rolf sc (A ± ,A c ,B;h)) exp(^| c (I\ B))DA X = Z$ ^^(Holf c (0, A c ,B;h)) 

(5.8) 

where Z$ sc = f„ exp(i5g i | c (i ± , B))DA ± 

Proof. Let A c G Az,i{bK.), B G B reg (blC), and h G [E, G/T] be as in the assertion of the 
lemma. In order to prove the lemma we will apply Proposition 3.8 (and Remark 3.9) in [30] to 
the special situation where 

• V = A ± (K), 

• dfjL = dv% sc with dv% sc = ■^exp(iS^ c (A ± ,B))DA ± (cf. Sec. O above), 



44 in order to check well-definedness we should, of course, reverse the order of our considerations/computations: 
we first check that the expressions appearing in Step 6 are well-defined. Based on this we can verify that also the 
expressions in Step 5 must be well-defined and so on until we arrive at the expressions in Step 1 

45 observe that it is always possible to insert empty edges if necessary. Recall also that for each i < m the 
framed loop l\ has the same length as U (cf. Sec. 14.31 above) 

46 the notation Is introduced in (|5.4[) and (|5.6|l will be useful from Step 2 on, i.e. after the non-Abelian fields 
have been integrated out 



• (^ / fc' a )i<m,fc<n,a<dim(g) is the family of maps Y^ a : A ± (K) — > M given by (cf. Convention [5] 
above) 

+ • isgn(4f >) + 4sgn(4?^ (5.9) 

where (T a ) a <dim(g) is an arbitrary (•, -)-ONB of g (which will be kept fixed in the following), 
and 

• $ : Wnxnxdim( 5 ) ^ £ is giyen by 

*((4' a U«) = n i I¥ «(II fe eX P(E r -4' a )) fOT a11 (4' a )^,a e M-x™^^) (5.10) 

Observe that 

i) dv^ sc is a well-defined normalized non-degenerate centered oscillatory Gauss-type measure. 
This was observed already in Sec. 14.71 above. 

ii) $ e P e;C p(IR m><riXdim (0)) since 

*((*irva) = n^difc^Ej-^ )) = n J Tr End ( y I )(ii fc ^( ex p(E a T ^r))) 

= n i Tr End(V-0(Il fc eX PEnd(\/ l )(E a (^)* ra ) X fc a )) ( 5 - U ) 



where exp End (y.) is exponential map of the associative algebra 47 ! End(Vi) and (pi)* : — > 
gl(Vi), for i < m, is the Lie algebra representation induced by pi. 

iii) For all i < m, k < n, a < dim(g) we have 

Yl' a dvf c = Y£ a (0) (5.12) 

{f( k ) if i = # f 
E f,^ and 

if t ^ • Z 5 i 

set j a := p(T a j) where p : •A J -(if ) — >■ ^,- L (-fC) is the <C •, • ^>^± on -orthogonal projection. 
Then 

-(#) 
-(*) 



On the other hand since dvg sc is centered Example 3.4 in [30] implies that <C •, J a 



dv% sc = 0. Since dvg sc is also normalized we obtain Eq. (I5.12p 
iv) For all i, i' < m, k, k' < n, a, a' < dim(g) we have 

A,a v i',a' iodise _ / v i,a i,,disc I v i',a' j,.disc 



y^Yir dvT c = J K dv T c J Y k> dv B ( 5 - 13 ) 

This follows from Eq. (|5.12p above and 
J (Y^ a -Y^{0))(Y^ - Y^/{0))d^ sc = J «;Ja^ AHK) «-J a ,» AHK) dv^ 
® « Ja, [* K L( N \B))-% » AHk) { = ] (5.14) 



47 observe that the vector spaces underlying End(Vi) and gl(Vi) coincide 



where j a is as in point iii) above and where j' a , is defined in a completely analogous way 
with i, k, and a replaced by i' , k', and a'. Here step (*) follows from Example 3.4 in [30] 
and step (**) follows since according to assumption (FC1) on the framings we have 

( 5 . 15 ) 

for all i\,i2 < rre, and kx,kz < n 
Thus the assumptions of Proposition 3.8 in [30] are fulfilled and we obtain 



ydisc 



]- [ JJ Tr Pi (Holf c (i ± ,A c , J B;h))exp(^| c (i ± , J B)) J Di ± 

= {n 4 Tr P.II, ex P(E a T «^)X C = Jj((XhiAa) dvf c ( = } *(( jf l*" ^f SC )^,a) 
= $((y^(0)) i)fc , a ) = n.Tr Pl (n fc exp(^ a T a y fc i ' a (0))) = ^ ^ (Holf c (0, A c , 5; h)) (5.16) 

(Step (*) follows from Proposition 3.8 and Remark 3.9 in |30j). 

□ 

Using Lemma [T] and taking into account the implication 

^ lit (#0*0) 7^0 BeB reg (bK) 
for all s > we now obtain from Eq. (|4,17p 
WLOgf(L) 

= »3 E h6 p, s/I1 1 { <H < <»<*») II (Ho'f C C. * »» Det*««(fl) } ^ 

xexp(-2mk [ (dA sg {h),*E)) exp(iS$ s s c (A c , E))(DA C ® DE) (5.17) 



where we have set 

Bet disc (B) := Detff> c (5)Zf sc (5.18) 

5.4.2 Step 2: Performing the ■ ■ ■ exp(iS^ c (A c , E))(DA C ® D£)-integration in floTTD) 

With the help of Proposition 3.12 in [30] let us now evaluate the f„ ■ ■ ■ exp(iS^ c {A c , E))(DA C ® 
D£')-integral appearing in Eq. (|5.17p . In order to do so we first rewrite the integrand in Eq. 
(|5. 17j) in such a way that it assumes the form of the integrand on the LHS of the formula 
appearing in Proposition 3.12 in [3D]. In order to achieve this we will now exploit the fact that 
all of the remaining fields A c , E, B and -A sg (h) in Eq. (|5.17p take values in the Abelian Lie 
algebra t. For fixed A c , B, and h we can therefore rewrite Hol^ 4SC (0, A c , B; h) as an exponential 
of a sum, namely as 

Holf c (0,A c ,i?;h) = exp^B-h) + Y, k M^ k) )) ( 5 - 19 ) 
where we have set for each i < m 

*i(B;h) := £ A sg (h)([f >) + ±B(.lp) • isgn(/^) + \B{.{^) . ^sgn(^), (5.20) 



cf. Eq. (j4.3j) and Convention [5] above. 



Moreover, since Hol^ sc (0, A c , B; h) G T we can replace in Eq. (|5,17p the characters Xi := 
Tr Pi , i < m, by their restrictions Xi\T- But XjlT i s J us t a linear combination of global weights, 
more precisely, for every b G t we have 

Tr ft (exp(6)) = x,|T(exp(&)) = ]T QgA m Xi {a)e 2 ^ (5.21) 

where m Xi (a) the multiplicity of a € A as a weight in Xi (here A C t* = t denotes the lattice 
of the real weights associated to the pair (jj,t), cf. part [A] of the Appendix below). Combining 
Eqs. (jEEP - flES) we obtairEl 

n.^(Holf c (0,A c , J B;h)) 

= n/E^A™*^) •exp(27ri(a i) $ i (5;h))) • exp^vri ^(a,, A c (lf 

= E cA (II- m x*( a *)) (II- ex P( 2 ™(a*> h )») exp(2^i < A c , ^ on ■ P s »^ Eit («c)) 

(5.22) 

where & is given according to Convention [5] above, i.e. 

^^if'e^W (5.23) 
Let us now set for each h G [E,G/T], s > 0, (aj)j := (ai,a2, • • • >«m) £ A m , and 22 G £{bK,): 

44,^) := F Skh(^) ex P(- 2 ^^ / (^s g (h),^)) (5.24) 

•/E\{tx } 

where the first * is the map (|4.1b|) and the second * is the map (|4.1ap and where for each 
B G £>(6/C) we have set 

F S).h( B ) : = (n,^( fl (*)))(II 4 ^(M^.*«(^;h)>))Det dtae (S) (5.25) 
Then, according to Eq. (|5.22j) . we can rewrite Eq. (|5.17j) as 

WLO^f (L) = lim V (FT m y (ai)) 

x / Fg )i>h (£0 exp(2vri « A c , a, • P E »^ it(W c)) exp(^f c (A c , 2<J))(2X4 C ® D£) (5.26) 



(Observe that there are only finitely many (ctt)j G A m for which the product Yli m Xi( a i) does 

not vanish. Accordingly, the summation X^(a 4 ) 4 eA m {Tli m Xi( a *)) ' ' ' above is a finite and we can 

interchange it with ^Zhefs G/T])- 

Let us now fix for a while s > 0, h G [X, G/T], and (ai)« G A m and evaluate the corresponding 
■ ■ - -integral in Eq. (|5.26j) . In order to do so we will apply Proposition 3.12 of [30] to the 

special situation where 

• v :=As,i(b]C) ®£{bK) 

• V := A dosed (blC) © £ c {bK), V 1 := £'(blC), V 2 := A coex (blC), 

where Adosed(blC) , A coe x(blC), and £ c {bK,) are as at the end of Sec. 14.71 and where £'(blC) 
is the orthogonal complement of £ c (blC) in £{blC) 

• dfi := dv disc with du disc = ^jU exp(iS^ c (A c , E))(DA C ® DE) (cf. Sec. EZlabove), and 



here we are a bit sloppy and use the letter i both for the multiplication index and the imaginary unit 



F := Ffa.). h°P w here p : Vq © V\ — > £(bK) is the obvious projection. 



The following remarks show that the assumptions of Proposition 3.12 in [30] are indeed fulfilled: 

• dv dtsc is a normalized centered oscillatory Gauss type measure on Aj]^{blC) @£{blC) of the 
form dv disc (A c ,E) = exp(i < A c , (-2itkd bK )E ^> Ast(bK) )(DA c ® DE) 

• The function F is bounded and uniformly continuous 

• The image of the operator d b /c ■ £{bK.) — > A^^(bfC) is A CO ex(blC) and its kernel is £ c (bfC) 
Since V\ = £'(bfC) is a linear complement of £ c (bfC), 

M := -2<irk(d bK ,)\e>( bK .) 

is a well-defined linear isomorphism £'(blC) — > A coe x(blC) = V2. 

• According to Assumption (NH) on the link L and Assumption (FC1) on the framings there 
is for each G C\{blC) a Di E C*2(6/C) (unique up to an additive constant ceR) such 
that 

& = d bK Di (5.27) 

holds. ThuS 

u := 2vr ^ a* • P s = d b;c (2vr a { ■ D t ) 
is an element of V2 = A coe x(blC) 
Applying Proposition 3.12 in |30j to the present situation we therefore obtain 

^ J F$ i)hh (E) exp(2vri « A c , <*i ■ »^, t (wq) exp(i^| c (^ c , £))(IX4 C ® L>£) 

= y F(^ c ,£;)exp( i «^ c ,7;»^ i( ^ ) )^ sc (^ c ,ii;) 

W / F(x - M-^Jdxo ~ / F f W (6 - M-^)d6 (5.28) 

where the two improper integrals J~ • • • dxQ and J"~ ■ ■ ■ db are defined^] according to Convention 
2 in [30]. In Step (+) we have applied Proposition 3.12 of [30]. Step (*) above follows because 
F(xq — M~ 1 v) depends only on the £ c (6/C)-component of xq € Vq = A c i ose( i(blC) © £ c (blC) = 

Adosed{bK,) © t. 

If Di £ C2{btC) is given by Eq. (|5.27p and the normalization condition 

T, CeMbK) ^ C )o,m=0 (5.29) 
then we have Y2i a i ' D% £ £'(blC). From the definition of M we therefore obtain 

M- 1 v = -\^.a i -D i (5.30) 
Combining Eqs. flEgg|) , dOH]) . (l5T2i|) . and (QUI) we obtain 

WLO^ c (L) ~ limV {W m y \ai))Y f db fK .(5) . D , 1 _ n 

xexp(-2irik (cL4 ss (h), 6 + a* ★ A)) (5.31) 



49 here we make the identification C 2 (WC) = C 2 (WC,R) ^ C 2 (WC,R) 

50 that the last (and therefore also the first) of these two improper integrals is in fact well-defined follows from 
Remark 3.13 in [3D] and a "periodicity argument", which will be given in Step 4 below 



where the first * is the map (|4.1dj) and the second * is the map (|4.1cp . 

Apart from the remaining J,~ • • • ^-integration (which will be taken care of in Step 4 below) 
we have now completed the evaluation of the ■ ■ ■ ex.p(iScg c (A c , E))(DA C <S> -Di£)-integral in 
Eq. dSUD. 

Remark 5.6 It is not difficult to se^fl] that Eq. (15.31H also holds if we (re) define Di using the 
following normalization condition (instead of the normalization condition (|5.29p above) : 

(*A)(ffo) = (5.32) 

where * is now the map (j4. lc|) . 

Since condition (|5.32j) is technically more convenient than (|5.29p we will use the latter nor- 
malization condition in the following, i.e. we assume that Di is given by Eqs. (I5.27D and (15.321) . 

5.4.3 Step 3: Some simplifications 

Before we replace F ( H h (B) in Eq. (iOTT) above by the RHS of Eq. (T5T251) above let us first 
make some preparations. We begin with the following observation: 

Observation 5.7 Let B G £>(6/C) be of the form 

B = b+\ }2. =i on ■ *Di (5.33) 

with b G t, ctj G A and Di given by Eqs. (|5.27j) and ()5.32|) above. Then the map $o(blC) B a i— > 
B(a) G t is constant on arc(^) r\$o(bJC) and on arc(^) r\$o(b)C). 

Remark 5.8 In fact, we have the following more general statement which will be also useful in 
Step 5 below: Let E := b + ± YJ[Li «i ' A G £(bK) and let B := TE : E ->• t where *E is given 
as in Eq. (I3.14p above. Then B is constant on each of the sets arc(^) and arc(Z^), j < m, and 
also on each of the connected components of £\((J -(arc^) U arc(/^ ))). 

Instead of giving a formal proof for the last claim it is probably more instructive to clarify 
things with the help of an example. For simplicity let us concentrate on the special case m = 1 
where E = b + ^.a\D\. In this case B looks as in Fig. [71 below^l. where the color of a point x 
indicates the value of B(x). 

In Fig. [7] we assume that K\ is the hexagonal cell decomposition and K2 the triangular cell 
decomposition so the red loop in Fig. [7Jis the loop and the blue loop is the loop l^. 

In order to verify that B really is given as in Fig. [7] observe that O = 0\ is simply the white 
region in Fig. [7J So according to Eq. (|3.14|) above we have B(x) = meaiir F ^, blc si xe py E(F) if 
x G E lies in the white area and B(x) = meaiij Fe g, b)C ^ xe p >F « is not white »} E(F) otherwise. In 
both cases the arithmetic mean will actually be trivial (cf. Remark 13.41 above) . 

In order to make things even more concrete let us assume that cq happens to lie in the blue 
area. Then the color blue will correspond to the value 6, and - depending on the orientations of 
the two loops (which are "coupled" to each other according to Condition (FC3) above) - either 
the color white indicates the value b + and the color red indicates the value b + ^cti or (if 
the two loops have the inverse orientation) the color white indicates the value b — j^ui and the 
color red indicates the value b — \ct\. 

51 this follows from Eq. (3.27) in Remark 3.13 in [30] and the periodicity properties of the integrand in f~ ■ ■ ■ db 
(for fixed h and ai, . . . , a m ), cf. Step 4 below 

52 for simplicity we have omitted some of the edges of $i(blC); only those edges are shown which are contained 
in an edge in 81 (Id) or S^Cfd); similarly, each of the "faces" in Fig. [7] is actually a non-trivial union of 2-faces 
of bK. 



Figure 7: 



Let us set 

a t := • 4 (1) G $ (Ki), a\ := • G 3o(^ 2 ) (5.34) 
According to Observation 15.71 we have 

B(ai) = B(m Vfc < n (5.35a) 

B(o^) = £(• /£ (fc) ) VA: < n (5.35b) 



for every B of the form in Eq. (I5.33p . Next observe that 

wind(^) = Y, k W sgn(4 ( i fe) )> wind(4\) = J2 k JJ sgn($ fc) ) ( 5 ' 36 ) 

where wind(Z^i) is the winding number of l l s ± and wind(Zji) is the winding number of l'^. 
According to assumption (FC4) above in Sec. 15.21 we have 

e» := wind(Z^i) = wind(Z^i) (5.37) 

Combining Eq. (ioTBTTl . Eq. (1Q5D . Eq. (pOOD with Eqs. (I5.35al) - (ioTBTl) we then obtain 

wLosr(i)~toE (w)ieA jn i »x,K))E h6BOffl (n™ 1 -p(^(«..h))) 

x db (exp(-2mk / (cZA sg (h), &)) 

[(II, II, aq^oy, flfo) + B^))) Det^ c (5))] {B=b+1 _ ^ ^ (5.38) 

where we have set for every j < m, a G A, and h G [X, G/T] 

T> L (a,h) :=(a,A sg (h)(li))- [ (dA sg (h),a* Dj) (5.39) 

Je\{<t } 

where -A sg (h)(l^,) = Ylk ^sgO 1 )^^)' cf. Convention above. 
Lemma 2 T|(a,h) = /or all i < m, a G A, and h G [£, G/T]. 



Proof. Let Z^ G {Z^, Z^} and let i? be the (unique) connected component of E\ arc(fe) with the 
property that Zg runs around i? in the "positive" direction. From Stokes' Theorem we hava^l 

A sg (h)(h) ■= £* 4*00(4*°) = / ^g(h) ( = } / dA sg (h) ■ (1 R - l R {a Q )) (5.40) 

Let us identify It, with an element of C\(Kj) C Ci(6/C) for j = 1 resp. j = 2 in the obvious way 
and let D G C2(bJC) be given by c^-D = Zg with (*D)(ao) = 0. Then we have 

*D = 1 r -1r(<t ) (5.41) 

on E^ 2 ) (whose complement in E is negligible in the integration appearing in Eq. (|5.39p above). 
Applying Eqs. (|5.4U|) and (|5.41|) both for Zg = and Zs = Z^ and taking into account the 
definition of Di (cf. Eq. (|5,27p and Eq. (|5.32p above) and Convention [5] at the beginning of Sec. 
3] we now obtain indeed (a, A 8g (h)(^)) = r ^ (dA sg (h), a * Dj). 

□ 



Setting 

(«*) 



x dJ. exp(7rk i (a i) B(aj) + B(a'j))) Bet dlsc (B))] |fl=6+ i ^ q ^ (5.42) 



and taking into account Lemma [2] above and Remark 2.5 in [3D], according to which n : 
[E, G/T] -> J = ker(ex P | t ) ^ Z dim W given by 

n(h)= [ dA sg (h) Vh G [E, G/T] (5.43) 



is a well-defined bijection, we can rewrite Eq. (15. 38ft as 

WLO^f(L) ~ lim V (TT m Y .K))V / db e- 2 ™^ (b) (5.44) 

5.4.4 Step 4: Performing the remaining limit procedures J~ • • • <i&, Xlxe/' an d s — >■ 
in Eq. (p)13|) 

i) Let us first rewrite the J"~ • • • c?6 integral. The crucial observation is that for fixed x G /, s > 0, 
and (ci!j)j G A m the function t 3 b i— > e - 27rik ( x > b ) p 1 ^ (5) g C is invariant under all translations of 
the form 6 i— )■ 6 + y where y £ I = ker(exp| t ) = Z dim W. Indeed, for all 6 G t and y £ I we have 

lg 9 (6 + y) = lg 9 (&) (5.45a) 

e 2™(a,6+y> = e 2nie{a,b) for a g A, 6 G Z (5.45b) 

det(l t - exp(ad(6 + y))| £ ) = det(l t - exp(ad(6))| t ) (5.45c) 

e -2nik(x,b+y) = e -2nik(x,b) for aU x G j ( 5 45d ) 

The first of these four equations follows from the assumptions in Sec. 14.61 The second equation 
follows because the assumption that G is simply-connected implies that 

I = T (5.46) 



53 step (*) is evident for ao £ R. In the situation ao £ R we apply Stokes theorem to the (unique) connected 
component R' in E\arc(is) with the property that Is runs around R' in the "negative" direction and use the fact 
that then — l R i(a) = 1_r(o") — Ih(cto) unless a £ arc(Zs). 



where T C t is the lattice generated by the real coroots and, by definition, A is the lattice dual 
to r. The third equation follows from the second equation and the relations 1Z C A ancQ 



det(l t - exp(ad(6))| t ) = ]J (1 - e 2 ^) 



a£TZ 

where 1Z is the set of real roots of (g, t). Finally, in order to see that the fourth equation holds, 
observe that because of (|5.46p it is enough to show that 

{a, p) G Z for all coroots a, $ (5-47) 

According to the general theory of semi-simple Lie algebras the entries of the so-called "Cartan 
matrix" are integers, i.e. 2 G Z. Moreover, there are at most two different (co)roots lengths 
and the quotient between the square lengths of the long and short coroots is either 1,2, or 3. 
Since the normalization of (•, •) was chosen such that (a, a) =2 holds if a is a short coroot we 
therefore have (a,a)/2 G {1,2,3} and (|5.47p follows. 

From Eqs. (Q2l) and (lOBl (cf. also Eqs. (IBTTHI) . (l44l) . and (jHJ)) we conclude that 
t 3 b i— > e —2™k(x,b)pW G C is indeed /-periodic and we can therefore apply Eq. (3.27) in 
Remark 3.13 in [301 and obtain 

db e -2nik(x,b) F (s) ,q _ /" db e -2nik{x,b)p(s) ^ 



K)l Jq {ch) 
where on the RHS Jq ■ ■ ■ db is now an ordinary integral and where we have set 

Q := {V \ei I \ G (0, 1) for all i<m}ct, (5.49) 
* — 'i 

Here (ej)i< m is an (arbitrary) fixed basis of I. 

According to Eq. ()5.48p we can now rewrite Eq. (|5.44p as 

WLO^S c (L) ~ lim y (U m x .( ai ))Y [ db e~ 27rik ^ F^ s \ (b) (5.50) 



ii) We can now perform the infinite sum ^ x and the J ■ ■ ■ d6-integral in Eq. (|5.5Q|) : 

First recall that, due to Eq. (|5.46p above and the definition of A, A is dual to /. According 
to the (rigorous) Poisson summation formula for distributions we therefore have 

where 5 X is the delta distribution in x. Let us now apply Eq. (|5.51|) to the RHS of Eq. (|5.50|) 

(s) 

above. In order to see that this is possible note first that not only F} \ is smooth but also the 

product lnF^\ because dQ C tXtrea and because F^\ vanishes on an open neighborhood of 

the set i\treg (cf. the condition supp(lj^) C ir eg in Sec. 14.61 and take into account that by 

Assumption [1] we have o"o £ -SoiblC) so, according to the definition of F, % and Eq. (I5.32p . there 

is a factor (b) appearing in F^y(b)). Moreover, since Q is bounded lgi^*^. has compact 
support. Thus we can indeed apply Eq. (|5.5ip to the RHS of Eq. (|5.50p above and we then 
obtain 

WLO^f(L) ~ lim V (TT"V(ai))V l lo(b)F^\ (b) (5.52) 

54 observe that in contrast to the proof of Observation 13.71 in Sec. 13.3.31 above we now work with the set 1Z of 
real roots instead of the set of complex roots IZc = {2nia | a 6 1Z} 



iii) Finally, let us also perform the s — > limit. Taking into account that 1^ — > lt reg pointwise 
we obtain from Eq. (|5.52p and Eq. (j5.42j) after the change of variable b — > kb =: a® 

WLO$°(L) ~ E ao , ai ,..., am6A M*o) (Id m ^ (ai) ) 

>< [(n>e S (^)))nr=i^^ 

(5.53) 



5.4.5 Step 5: Rewriting Bet disc (B) in Eq. ([533]) 

In Steps 1-4 we have reduced the original "path integral" expression for WLO r j 9 (L) to a "finite" 
expression, i.e. an expression which does not involve any limit processes. Let us now have a 
closer look at Bet disc (B), cf. Eq. (I5TT8D in Step 1 above. Before we do so we need some 
preparations. 

Recall that Oj C S, for j < m, denotes the open "region between" arc(Z^) an d arc(Z^), cf. 
Example 15.21 in Sec. 15.21 above. 

From assumptions (NCP) and (NH) above it now follows that the set of connected com- 
ponents of S\(U • arc(^)) has exactly m + 1 elements, which we will denote by Yo, Y±, . . . Y m 
in the following. From assumptions (FC1) and (FC2) it follows that also the set of connected 
components of E\U J Oj = S\|J J (Oj U arc(Z^) U arc(Z^)) has exactly m + 1 elements, which 
we will denote by Zq,Zi, . . . Z m . In the following we assume without loss of generality that the 
numeration of the Zi, i < m, was chosen such that 

ZiCYi Vie {0,1,..., m} 

holds. For later use we remark thalE^l {Z{ | < i < in} U {Oi \ i < m}, is a partition of E. Thus 
condition (FC2) implies that 

SoiblC) = [T (do(blC) DZl) (5.54) 
Recall also (cf. Eq. (|3.ip above) that 

ffo(6AC) = Zo(Ki) U5o(^i|^ 2 ) U^ (K 2 ) (5.55) 

(Here and in the following S UT denotes the disjoint union of any two sets S and T). 
In the following let B £ B(blC) be of the form 

B = i(a + -*A), with a , • • • ,a m £ A (5.56) 

and with Di, . . . , D m as above (cf. Eqs. (|5.2Tjl and f|5.32j) in Sec. I5.4.2p . 

Lemma 3 If B € B(b)C) is of the form (|5.56|) then, for each i, the restriction of B : $o(blC) — > t 
onto ^0(0^-) H is constant. 

Proof. From Remark 15.81 in Sec. 15.4.31 above it follows^] that the restriction of B : $o(bfC) — > t 
to 3o(blC) n Zi is constant. The assertion of the lemma now follows from Remark 13.41 ii) in Sec. 

□ 



55 here Zi denotes the closure of Zi 

56 since Zi is a connected component of E\(|J . ( arc 0s) U arc (^s ))) 



Lemma 4 For every B £ B{bJC) of the form (|5.56j) and fulfilling Y\ x ±i reg (B(x)) ^ we have 

Det disc (B) ~ IT" 1 det(l t - exp(ad( J B(y i ))), t ) x{yi)/2 (5.57) 

where x{Yi) * s Euler characteristic ofYi and where we ser^l B(Yj) := B(Zi) := B(x) for any 
x G ZiH^oW 

Proof. From the definition of Bet disc (B) in (pTL8|) and Eqs. (g3J| and (g~9]) in Sec. H above it 
follows that 



Bet disc (B) 



ILe?o(Jfi) det ( 1 « ~ ex P( &d ( B ( x )))\t) UxeMK2) det (^ ~ exp(ad(£(x))) 



1/2 



IWo(*i|tf 3 ) det(l e -exp(ad(B(x)))| e ) / 

(5.58) 

(observe that the expression on the RHS is well-defined since by assumption Y\ x li reg (B(x)) ^ 0, 
which implies that the denominator is non-zero). 

According to Lemma [3] and Eqs. (|5.54p and (|5.55p it is enough to prove that for each 
i € {0, 1, ... , m} we have 

x(Yi) = #($o(Ki)nzl) - #{$q{k x \k 2 ) nzl) + #(5 (^)n^) (5.59) 

Clearly, xO^i) = x(Xi) where Yi is the closures of YJ. Moreover, Yi is a subcomplex of the CW 
complex K\ = K, = (S,C) so setting Cell p {Yi) '■= W £ Cell v (K\) \ a C Yj} where Cell v (K\) is 
the set of (open) p-cells of K\ we obtain 



X 



{Yi) = V 2 (-i) p #Ceii p (Y) { = } #(^o(^i)ny i )-#(3 r o(^i|^2)nr i )+#^o(^2)ny i ) (5.60) 

* — 'p=0 

(step (*) follows by taking into account the natural 1-1-correspondences Cello(Ki) fio^Ki), 
CelhiKx) o SoiK^Kz), and Cell 2 (K x ) $ Q (K 2 )). 

In order to complete the proof of Lemma H] it is therefore enough to show that the RHS of 
Eq. (|5351t and the RHS of Eq. (IOTP coincide. 

In order to see this observe that for each < % < m there is J C {0, 1, ... , m} such that 

Y i = Y i u\_\. &j (O j Uavc(li)) 

so our claim follows from 

#(So(#i) n arc(Zg)) - #(So(A"i|^ 2 ) n arc(Z^)) + #(3o(^ 2 ) D arc($)) 

= -#(ff (^i|«2) n arc(£)) + #(5o(^ 2 ) n arc(^')) = (5.61a) 

and from 

#(ffo(#i) n Oj) - #(5o(^i|^ 2 ) n o,-) + #(5o(^ 2 ) n o,) = #0 - #0 + #0 = o (5.6ib) 

(cf. condition (FC2) and Eq. (15351) ). 

□ 



Lemma 5 For every P 6 B(b)C) of the form (|5.56p we /lave 



n i6So(6K) lw,(B(x)) = n: lu,(B«)) (5-62) 



7 according to Lemma[3]the value of 5(1^) = B(Zi) does not depend on the choice of i £ C V, 



Proof. The assertion follows from Lemma El the definition of B(Yi) in Lemma SI and Eq. (]5.54p 
above. 



□ 



Combining Eq. (I5.53P with Lemma [4] and Lemma [5] we arrive at 
WLO*f (L) ~ PA ^ Q (a ){H m m Xi (ai)) 

x IlHo W^)) det(l { - exp(ad(i?(y i )))| t )) x{yi)/2 

nm 
exp(7rie i (a i ,S((7 j ) +B{a j ))) 



(5.63) 



5.4.6 Step 6: Comparison of WLO r j 3 (L) with the shadow invariant |L| 

From the computations in Sec. 5 in [18] it follows that the RHS of Eq. (|5.63p above coincides 
with the shadow invariant \L\ (associated to G and k) up to a multiplicative constant. For the 
convenience of the reader we will briefly sketch this derivation. In the following we will use the 
notation of part [B] of the Appendix. 

For ai, . . . , a m G A and £ An kQ set 

B :=±(a + ^.a;-*A) (5.64) 

and introduce the function tp : {Yq, Y\, . . . , Y m } — > A by 

<p(Y) := kB(Y) - p (5.65) 

One can show that then (cf. Sec. 5 in [18] ) 

det(l t - exp(ad(£(Y)))| t ) ~ Aim(p{Y)f (5.66a) 

J[. exp( 7 ri ei (a i , B{a 5 ) + = JJ y npfiivQO* <P<X) + 2p)f™^ (5.66b) 

Let P be the unique Weyl alcove which is contained in the Weyl chamber C fixed in Sec. 12.11 
and which has € t on its boundary. Moreover, let A+ and Wfc = W a fr be as in part Q3] of 
the Appendix and let col(L) = (A^{ Y o> Y u»-> Y m} (th e se i Q f " area colorings"). From the relation 
A^_ = A n (Pk - p), the bijectivity of the map : P x W a fr 9 (b, a) H> a(b) G Veg an d the fact 
that for a suitable finite subset W of Was (— Wfc) we have 0(P x W) = Q n Veg it follows that 
there is a natural 1-1-correspondence between the set col(L) x W x yy^ lv " :i ™^ anc l the set of 
those 1? which are of the form in Eq. (|5.64p above (with ao £ A n fcQ and a±, . . . , a m G A) and 
which have the extra property that Y\ Y ItregC^OO) = 1- 

Using this and Eq. (|B.7p below plus a suitable symmetry argument based on the group Wk 
(cf. the proof of Theorem 5.1 in [18] ) one then arrives ail^l 

wLo disc (L) ~ V f TT iv v(yr) + ^ 

n y dim(^(y))^ y )exp(f (^(y),^y) + 2 /0 ))s lcam ( y )) =|L| (5.67) 

Recall that ~ above denotes equality up to a multiplicative constant independent of L. Thus 
Eq. (|5.67p applied to L and to the empty link instead of L implies 

WLO*f(L) _ WLO*f(0) 



\L\ 



58 the multiplicities rn Xi {oti), i < m, appearing in Eq. (I5.63|) lead to the fusion coefficients N^ v appearing in 
Eq. (CT7) l below, cf. the RHS of Eq. QTrJ 



Since by definition we have WLO r i g (L) = T^^m ' fl^.ip now follows. 

6 Some comments regarding general links 

Let us make some comments regarding the question if it is possible to generalize the computations 
above to general links. The crucial step will be the evaluation of the integral 

/ IlZi Tl > (Hol^ sc (^, i?; h))^f SC (A X ) (6.1) 

for given B, A c , and h, cf. Eq. (j5.8f) above. For general links this is considerably more difficult 
than in Step 1 in the proof of Theorem 15.31 The good news is that the evaluation of the integral 
(16. ip can be reduced to the computation of the "2-clusters" 

J { Pi (e W Q2 a T a Yt a )) <g> Pi ,(exp(J2 a , T a ,Y£' a '))}dv§ sc e End(K) g> End(^) (6.2) 

for the few L %' < m and k,k' < n for which = \ Here Y^ a and Y^,' a are as in Eq. 

(15. 9p above 59 ! and Vj, Vy are the representation spaces of pi and py, cf. Sec. 15.4.11 The integral 
in (|6.ip above can be expressed by these "2-clusters" by a similar formula as Eq. (6.4) in [25] 
(cf. also Sec. 5.3 in [28] and gOUE]). 

The explicit formula for WLO r j 9 (L) for general^*! L which one obtains in this way should 
again be a sum over the set of "area coloring" <p, but this time every summand will contain an 
extra factor involving a product IXreWL) ' ' ■ One cou ld hope that this factor coincides with 
the factor \L\^ (cf. part [B] of the Appendix for the notation used here). 

In order to evaluate the chances for this being the case we carj^l consider the case of Abelian 
structure group G = U{\). The computations are then analogous to those appearing in the 
continuum setting in Sees 5.1 and 6.1 in [28] (which led to the correct result). However, in these 
computations there is one crucial difference in comparison to the computations in the continuum 
computations: there are several factors of 1/2, coming from the RHS of Eq. (I4.3P above, which 
"spoil" the final result. So ultimately we do not recover the (correct) expressions which appeared 
in the continuum setting. This complication can be resolved^! by making the transition to the 
"Si^-theory point of view" . 



7 Outlook: Transition to the ".Bi^-theory point of view" 
7.1 Motivation 

The simplicial program for Abelian CS theory (cf. part |F] of the Appendix) was completed 
successfully by D.H. Adams, see [B [2]. A crucial step in [lj [2] was the transition to the "BF- 
theory point of view" , which can be divided into two steps, namely "field doubling"|fl followed 
by a suitable linear change of variables, cf. part [O of the Appendix below. 

59 in fact, one can restrict oneself to the special case where h = [0] in Eq. (|5.9[l 

60 for general L and framings the conditions (FC1)-(FC4) and the definition of the open sets Oi must be 
generalized in a suitable way. We choose again O = \} i Oi, cf. in Sec. 15.21 The general definition of Oi, i < m, is 
intuitively clear: it will again be the open set "between" and 

61 studying the case G = (7(1) is instructive even though, strictly speaking, the heuristic equations Eq. (|2.8|l 
and Eq. (|3.6[) were only derived for simply-connected compact groups G and therefore do not include the case 
G = (7(1). Let us mention that in the case G = (7(1) x (7(1) and (fci,/«2) = (k,—k) an analogue of Eq. (|7.3|l 
below can be derived, cf. Remark 1 7 . 1 1 b elow . 

62 observe that on the RHS of Eq. (|7.14|l below most of the 1/2-factors appearing in Eq. (|4.3|) are absent 

63 which can come in the form of "group doubling" (see Step 1 below) or "base manifold doubling"; observe 
that the word "doubling" is slightly misleading because it ignores a sign change: we have ki = — k\ where ki,ko 
are as in the first paragraph of "Step 1" below 



Adams's results seem to suggest that - if one wants to have a chance of carrying out the 
simplicial program successfully also for Non-Abelian CS theory - then a similar strategy will 
have to be used. 

So far we have worked with the original CS point of view because this helped us to reduce 
the lengths of many formulas considerably and because for Theorem 15.31 (which deals only with 
a special class of links L) the original CS point of view is sufficient. On the other hand, the 
Abelian "test situation" which we considered at the end of Sec. [6] showed us that we can not 
expect to obtain correct results within the original CS point of view when dealing with general 
links. So now is the time to finally focus on the ".Bi^-theory point of view". 



7.2 Transition to the "SF 3 -theory point of view" 

In the following we will make the transition from non-Abelian CS theory in the torus gauge to 
the corresponding "Si^-theory point of view" at a heuristic level. 



Step 1: "Group doubling" 

Let us now consider the version of Eq. (|2.8p in the special case where G = G x G where G is 
a simple, simply-connected compact Lie group and where (fci,/^) fulfills k\ = —k 2 , cf. Remark 
2.7 in Sec. 2.3 of [30]. We set k := h = -k 2 . 

For simplicity, let us consider the special case where each of the representations pi appearing 
in Eq. ()2.8f) is of the form pj(q-\ , q?) = Pi(gi), <?i,£/2 £ G, for a some G-representation pi. In this 
situation we should have 64 ! 

WLO(L) ~ WLO 6 (L)WLO^(0) ~ \L\ ■ |0| = \L\ • |0| (7.1) 

where WLOg(L) on the RHS is defined as WLO(L) in Sec. 12.11 for the group G instead of G 
and where | • | is now the shadow invariant for G and k. In step (*) we used the fact that |0| is 
a real number. 

Let us fix a maximal torus T of G and take T = T x T. Let B, A^, A^, A^r, and <C •, • ^^J- 
be defined as in Sec. 12.11 and Sec. 12.21 for the group G = G x G. 

In the following Bi,B 2 (resp. Af- and A2) will denote the two components of B G C°°(£, t) = 
C°°(S,t) ©C°°(S,t) (resp. A ± G C^S 1 , Ax, g ) = C°° (S 1 , Ax rg ) ® C°° {S 1 , A s ~ a )) . Moreover, 
we make the identification [£, G/T] = [E, (G x G)/{f x f)\ ^ [S,G/T] 2 . 



Step 2: Linear change of variable 

As we explain in partOof the Appendix, CS theory with group G = GxG and (k±, ^2) = (k, —k) 
is equivalent to Bi^-theory with group G and "cosmological constant" A given by A = p-. 
More precisely, at the heuristic level, these two theories are related by a simple linear change of 
variable^!, cf. Eqs. (|C.5P or Eqs. (|C.10|) in part Oof the Appendix depending on whether we 
are dealing with the non-gauge fixed path integral or the path integral in the torus gauge. 

In order to simplify the notation a bit (and to avoid the appearance of multiple fc-factors) we 

will work with the following simplified change of variable A 1 - — > A ± , A c — > A c , B — )• B instead 
of the one in Eq. (ICTTUl) : 

l^ := (it+ii it_ii), (7.2a) 
A c := ( (^)i+(^)2 > (A e )i-(A e)2 ^ (7 _ 2b) 

B:=(^z,^i^) (7.2c) 

64 the first "~" follows from a short heuristic computation 
65 oberve that k = \ in Eqs. (J05| and ([010) 



By applying this linear change of variable to the RHS of Eq. (I2.8|) (in the special case G — G x G , 
(fci, ^2) = (A:, —k)) we arrive a1@ 



WLO(L)~ £ / _l Coo(s:UgxUa) ((B 1 +S 2) S 1 -S 2 ))Det FP ((B 1 +B 2) S 1 -S 2 )) 

(hi,h 2 )e[S,C7/T] 2 C><B 

x / XTr^(HoljIf +I 2 L + (i c )i + (i c ) 2 , J B 1 + J B 2 ;h 1 ))exp(iS(I ± ,S))Z)l ± 

xexp(27rik [ Tr(dA sg ((h 1 ,h 2 ))(( J Bi + B 2 ,Bi - B 2 )))) exp(i§(A c , B))(DA C ® DB) (7.3) 
Js\{ CT0 } 

where for reasons of notational consistency, we have written A 1 " instead of A ± and B and B and 
where we have set 

A c := ^4s,tet 



and 



S^B) 1=5^(^,5) 
S(1 C ,B) :=5cs(^c,S) 



More explicitly, we hav 



S(i x , B) = S CS ((Af + At At - Aj), {B 1 + B 2 , B 1 - B 2 )) 

= S cs (k + B x + B 2 ) - S CS (Ai - A 2 ,B\ - B 2 ) 

= S CS (k +k + (Bi + B 2 )dt) - Scsik -U + (Bi - B 2 )dt) 



7rk«(A ± A ± )( * ad ^ 2 ) *(i + ad (^i)) V rl^ jiW. (7 41 

^ <<04l '^ 2) 'Uf + ad(£!)) *ad(B 2 ) J ^i,^ 2 )> A x (7-4) 



and 

S(A C , B) = S C s(((I c )i + (ic) 2 , (As)i " (AO2), (5i + B 2) Bi - B 2 )) 
= /dots 

= -4tt* « ((I c )i, (i c ) 2 ), • (B 1; B 2 ) iffi . (7.5) 

where A x = (A±,Ai), A c = ((I c ), (I c ) 2 ), and B = (B U B 2 ). 

Remark 7.1 Recall that above we have assumed that G is a simple, simply-connected compact 
(and therefore non-Abelian) Lie group. For sake of completeness (and in view of the discussion 
at the end of Sec. [6] above and Remark 17.21 and Remark 17.31 below) let us mention that, in fact, 
Eq. (|7.3p is also valid at a heuristic level if G is an Abelian compact Lie group. Of course, in 
this case the RHS of Eq. (|7.3p simplifies drasticalljjfl. 



66 observe also that because of our assumption that pi has the special form above we have 
T^HoI^^.fljOii.ha))) =Tr ft (Hoi,, (At, Br, hi)) 

67 the first appearance of Scs on the RHS of the following equation is a short hand for Scs (M, G x G, (fci, fe)) 
while the other appearances are a shorthand for Scs (M, G, ki) = Scs (M, G, -k 2 ). 

6S we then have T — G, t reg = t, ad(Bj) = 0, J 4 sg (hi,h2) = 0, and the sum ^2 h± h2 is trivial. So we obtain: 

WLO(L) ~ fUUi Tr p. ( HoL i {U+U + (Ac)i + (A c ) 2 , Si +B 2 ; 0)) exp(i§(I x , B))DA X ] exp(iS(i c , B)){DA C ® 
DB) 



Remark 7.2 It might seem surprising that the second of the aforementioned two steps, i.e. 
the linear change of variable, really makes an essential difference. Clearly, the original heuristic 
path integral and the heuristic path integral after the application of the change of variable 
are equivalent. However, once the problem of discretizing the corresponding path integral is 
considered the difference really matters. A detailed look at [TJ |2] will convince the reader that 
this is indeed the case at least in the Abelian situation. 

That a linear change of variables is useful also for the discretization of non- Abelian CS (with 
doubled group) is less obvious. Observe, for example, that there is a ^-operator on the main 
diagonal of the 2 x 2-matrix appearing in Eq. (|7.4p above. Because of this we cannot hope to be 
able to find a discretized version of the path integral on the RHS of Eq. (|7.3H where each of the 
two components Aj- and A^ "lives" either on K\ x Zjy or on K 2 xZjv. Instead, each component 

Aj~ and A2 must be implemented in a "mixed" fashioii^l. This is a crucial difference compared 
to the Abelian situation where it was indeed possible to find a non-mixed discretization for the 
relevant simplicial fields. This difference is one of the reasons why we decided to postpone the 
transition to the Si^-theory point of view until now. 

7.3 Discretization of Eq. fl7T3l 

We will now sketch how - using a suitable discretization of the expression on the RHS of Eq. 
(I7.3P - a rigorous definition of WLO(L) appearing in Eq. (|T.3f) can be obtained. (In part lEl of 
the Appendix we will sketch two alternative ways of discretizing the RHS of Eq. (|7.3D ). 

In order to simplify the notation we will now drop all the "-signs appearing in the previous 
subsection, for example will write G instead of G and B instead of B and so on. Clearly, we 
then have 

B = C°°(E,tet) (7.6a) 

A L = {A 1 - G C^iS^Ax^) I j A L (t)dt G Ax,t&} (7.6b) 

A c = n 1 (E,i®i) (7.6c) 
Let us now introduce the space 

£ := 2 (S,t©t) (7.6d) 

and rewrite Eq. (|7.3p in a similar way as we rewrote Eq. (|2.8p in Sec. 13.2.11 By doing so (and 
using the notation h + instead of hi and h„ instead of I12) we obtain 

WLO(L) ~ E (h+ih _ )e[SiG/T]2 / A J^(^e 3 xw(B + ,5-)Det f p( S+lB .) 

x J M II i ' & «(Holi i (Af- + Ai,B+;h+)) exp(iS(i ± , B))DA A 

xexp(2vrifc/ Tr(eL4 sg ((h+, h_)) • (B+, £_))) 1 exp(i&(A c ,E))(DA c <g> DE) (7.7) 

Jx\{a } J \B:=±E 

with 

B± := B x ± B 2 for B = (B U B 2 ) G B 
and where for each / G {h,h,- ■ ■ Jm} we have se10 (cf. Eqs. (|2.5p and (|2.7p in Sec. I2.ll above) 

Roh(Ai + A^, B + ; h+) := Hol ; (if + A£ + (A c )i + (A c ) 2 , B + ;h + ) 

= lim FT" exp ( I (A{ + At + (Ac)i + (A c ) 2 + A sg (h + ) + B x dt + B 2 dt) (l'(t))) (7.8) 
„^oo-L-Lfe=l V J \t=k/n 



69 in a similar way as the field A ± was implemented in Approach I-II of the present paper and |30| 

70 clearly, the notation Hol;( J 4^ L + A^,B+;h+) is a bit sloppy. If one wants to be strict one should use the 



notation Hol;(A 1 ,A 2 , (A c )i, (A c )2, -B+; h+) instead 



and where we have set (cf. Eq. (I7.4p and Eq. (|7.5f) above) 

S (A\B } := rt « (a ^ i( * + ■ (Ai.Ai) » M (7.9) 

S(A t .,£):=-4rt«((>l c ) 1 ,(A c ) 2 ),^ ^ .(E 1 ,E 2 )»^, el (7.10) 

where * is the obvious linear isomorphism * : A 1 " — > A^. 

We will now discretize the RHS of Eq. (|7.7p . (In part [E] of the Appendix we will sketch two 
alternative ways of discretizing the RHS of Eq. (|7.7p ). In order to do so we introduce spaces 

B(bK) := C°(&£,t©t) (7.11a) 
A L {K) := {A 1 G Map(Z iV ,^ S!BeB (^)) | V A ± (t) G .4 Ej t©e(#)} (7.11b) 

«4 C (WC) := C^&X^tet) (7.11c) 
£(WC) := C 2 (WC,tet) (7.11d) 

As the discrete analogues of Eq. (|7.9p and Eq. (IT. lOf) above we take 

§ disc (A x ,B) := nk « (i^i^),^^)(i?) • (i^) -> AHK) (7.12) 

§ d - c (A c , £) := -4vrfc « ((^) ls (A c ) 2 ), f ^ Sb A ■ (E 1 ,E 2 ) » Ac(blc) (7.13) 

where the scalar products <C •, ■ ^^(K) anc ^ ^ "> " ^A c (bK) are defined in an analogous way as 
in Sec. Oand Sec. O abov^ and where for B = {Bi,B 2 ) G C°(&/C, t©t) we have seS 

/ L( JV )(B + )-L( JV )(B_) L( JV )(g + )+L( JV )(B_) \ 

R( N \B) := | L (iV) (jB+) | L (iV) (B _ ) LWiB+l-Ll")^-) ) 
V 2 2 7 

with ^ := Bi ± B 2 and L^ N \B ) for Bq G C°(WC,t) as in Eq. (pl23D in Sec. EMI above. 

Above the operator *k '■ A^~{K) — > A^^K) is defined in an analogous way as the operator 
*k m the paragraph of Remark 12.41 Moreover, we will again have to introduce an operator 
•kb/c : £(bfC) — > B(bfC) in a similar way as in Sec. 13.2.31 using again the set O := [j i 0. t where 
each Oi is again given as in Sec. 15.21 

Like in Approach I and II above we introduce for each loop I G . . . , l m } in K\ x Zjv a 
framing V in K 2 x Zyv and we define in similaj^l way as in Eq. (|4.3p above the following framed 
discrete analogue of the continuum expression Hob (A;/- + A^, B + ; h + ) abovJ^l 

R6lf aB (Ai + Ak,B + ;h + ) 

■= III =1 ex p((^('^ ) ))(4 fc) ) + (^(•4 ( " ) ))(4 (fc) ) + (A0i(4 fc) ) + (^) 2 (4 fc) ) 

\ (J^ ^ sg (h + ) + jT (fc) A sg (h + )) + Bx(. 4 fc) ) • ^ sgn(4 fc 1 ) ) + B 2 {. 4 (fc) ) • sgn(4 ( 1 fc) ; 



+ 



(7.14) 



71 in particular, -C •, • S^xj^n will be the restriction to A ± (K) of the scalar product given by Eq. ()2.16p above 

72 Recall that L {N) (B ) is a discrete "approximation" of dt + ad(B ) so ±(L (Ar) (B + ) + i (JV) (B_)) is a discrete 
analogue of §(<9 t + ad(B+) + d t + ad(B_)) = \{d t + ad(Bi + B 2 ) + ft + ad(Bi - B 2 )) =d t + ad(Bi); similarly 
i(L (JV) (B+) - L (JV) (B_)) is a discrete approximation of §(S t + ad(Bi + B 2 ) - (dt + ad(Bi - B 2 ))) = ad(B 2 ) 

73 in order to see that the expression (|7.14l) is a discrete analogue to the continuum expression (|7.8|l . recall 
the comments and relations appearing in Sec. 5.3 in [30] • In particular, take into account the (continuum) 
relations Af(l'(t)) = Af(l s i (t))(l' s (t)), (A c )j(l'(t)) = (^(Z^)), and (Bjdt)(l'(t)) = Bj(l s (t)) ■ dt(l' sl (t)) and 
the "replacements" appearing in the paragraphs after Eq. (5.13) in [30] 

74 the notation Ho\f' ac (A z t + A 2 , B+\ h+) is again a bit sloppy. If one wants to be strict one should use a notation 
like Holf sc (Ai,Ai, (A )i, (A c ) 2 , B+;h+) 



Remark 7.3 i) The term | (/,(*) A sg (h+) + f > w A sg (h + )) in Eq. flUED above looks a bit 

E 'e 

strange. If one can justify the simplified version Eq. (|2.12j) of Eq. (|2.8j) mentioned 
in Remark 12.21 above then one can work with analogous simplifications in some of the 
equations and definitions of the present section. In the simplified version of Rolf sc (Ai + 
A2, -B_|_; h + ) in (|7.14p the "strange" term mentioned before will not appear anymore. 

ii) In the special case where G is Abelian (cf. Remark O above) Holf 30 (A± + A£, B + ; h+) 
does not depend on h + so we can use the notation Ro\f tsc (Aj; -\- A 2 , B + ) instead. Moreover, 
there are then additional simplifications. For example, in the special case where the 
(complex) representation p of G is irreducible (and therefore 1-dimensional) we have 

Tr,(Holf sc (^ r +^,^ 



x P 



n; =i exp((^(./^))(^) + (A c U'i k) ) +B2(.lf ) ) ■ ^sgn(4«))) 



We can work with a generalization of the last expression where the second "p" appearing 
above is replaced by another finite-dimensional representation p' of G. By doing so we 
obtain the torus gauge "analogues" of the results in [Tj[2]. 

The remaining steps for discretizing the RHS of Eq. (|7.7f) can be carried out in a straightforward 
way (in complete analogy with the procedure in Sees l4.4H4.8p . When then arrive at a rigorous 
version WLO^f(L) of WLO(L) and its normalization 

WLO r , 9 (L) := ^§g§ (7.15) 

In view of the heuristic formula Eq. (|7.ip and the normalization ansatz in Eq. ()7.15p we expect 
that 



where | • | is the shadow invariant foi^j G and k. And this is indeed the case. We have the 
following BF-theoretic analogue of Theorem 15.31 above: 

Theorem 7.4 Assume that the link L = (Ji, 1%, . . . , l m ) fixed above fulfills conditions (NCP) and 
(NH) above and that the framings (l^, ■ ■ ■ , l' m ) fulfill conditions (FCl)-(FC^) above. Assume 
also that k > c s . Then WLO r j 9 (L) given by Eq. (|7.15p is well-defined and we have 

WLO„ g (L) = H (7.16) 

It remains to be seen if Theorem 17.41 can be generalized to the case of arbitrary links L in 
M = E x S 1 , cf. [3Tj for ongoing work in this directional. If this turns out to be the case, then 
this should lead to some progress in the simplicial program for non- Abelian CS/B i^-theory, cf. 
Appendix [F] below. 
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75 recall that we write the group G now simply as G, i.e. without the ~. 

76 in [31] we are in fact working inside the framework of part [E] of the Appendix 
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A Appendix: Lie theoretic notation II 

The following two lists extend the two lists in Appendix A in [30] , 
A.l List of notation in the general case 

Recall that in Sec. 12.11 we fixed a simply-connected compact Lie group G (with Lie algebra g), 
a maximal T of G (with Lie algebra t), and a Weyl chamber Cct 

Apart from the notation given in Appendix A of [30] we also use the following Lie theoretic 
notation in the present paper: 

• (•,•): the unique Ad-invariant scalar product on g such thalrH (a, a) = 2 holds for every 
short real coroot a associated to (fl,t). Using (-, •) we now make the identification t = t*. 

• IZc: the set of complex roots t — > C associated to (fl, t) 

• Kef: the set {^a c | a c € TZc} of real roots associated to (fl,t) 

• TZ+ C 1Z: the set of positive (real) roots corresponding to C 

• Tct: the lattice generated by the set of real coroots associated to (fl,t), i.e. by the set 
{a | a G 1Z} where a = c G t* = t is the coroot associated to the root q£U. 

• let: the kernel of exp| t : t — >■ T. From the assumption that G is simply-connected it 
follows that I = r. 

• A C f(= t): the real weight lattice associated to (g,i), i.e. A is the lattice which is dual 

to r. 

• A + C A: the set of dominant weights corresponding to C, i.e. A + := C Pi A 

• p: half sum of positive roots ( "Weyl vector" ) 

• 0: unique long root in the Weyl chamber C. 

• c g = 1 + (9, p) : the dual Coxeter number of g. 

• Pet: a fixed Weyl alcove 

• Q C t: a subset of t of the form Q = {^j^« e «|0 < Aj < IVi < r} where (ei) i<c ji m (t) is a 
fixed basis of T = I. 

• W C GL(t): the Weyl group of the pair (jj,t) 

77 which is equivalent to the condition (a, a)* = 2 for every long real root a £ t* where (•,•)* is the scalar 
product on t* induced by (•, ■) 



• W a ff C Aff(t): the "affine Weyl group of (g,t)", i.e. the subgroup of Aff(t) generated by 
W and the set of translations {t x \ x G T} where t x : t3 b i->- b + x G t. 

• Wk C Aff(t), k G N: the subgroup of Aff(t) given by {ipk o a o | cr G W a ff} where 
■0A; : t G 6 i — > b-k — p G t (the "quantum Weyl group corresponding to the level I := k — c ") 

• A| C A, k N: the subset of A + given by A^ := {A G A + | (A, 9) < k - c Q } (the "set of 
dominant weights which are integrable at level I := k — c "). 

In the main text, the number k G N appearing above will be the integer k fixed in Sec. 12.11 
(which later is assumed to fulfill k > c s ). 

A. 2 List of notation in the special case G = SU(2) 

Let us now consider the special group G = SU (2) with the standard maximal torus T = {exp(#r | 
9 G M} where 




Then g = su(2) and t = R • r. There are two Weyl chambers, namely C+ and C_ where 
C± := ±[0,oo)r. Let us fix C := C + in the following. 

• (•, ■) is the scalar product on g given b\f^l 

(A, B) = Tr Mat(2jC) (^B) for all A, B G g C Mat (2, C) 

• Tic = {«c> -a c } where a c : t — > C is given by a c (r) = 2i 

• 1Z = {a, —a} where a := ^oi c . A short computation shows that a = Itxt G t (recall that 
we made the identification t = t* ) . 

• ^+ = {«} 

• I = r = Z • d where a = , 2a N = a 

(a, a) 

• A = Z- f 

. A + = N • f 

• P=f 

• 9 = a 

• c g = 2 

• possible choices for P and Q are P = (0, |)a and Q = (0, l)a 

• W = {1,0"} where 1 = idt and <r(6) = —b for 6 G t; using this and the explicit description 
of / = r above one easily obtains an explicit description of W a ff and Wk 

• A h + = {0, §a, . . . , ^a} for k G N 

78 in view of the formula a — a — 2-kt below we see that (•, ■) indeed fulfills the normalization condition 

(a, a) = 2 



B Appendix: Turaev's shadow invariant 



Let us briefly recall the definition of Turaev's shadow invariant in the situation relevant for us, 
i.e. for base manifolds M of the form M = £ x S 1 where £ is an oriented surface. 

Let L = (li, I2, . . . , l m ), m G N, be a link in M = £ x 5 1 and let V(L) denote the set of 
points p G £ where the loops l^, i < m, cross themselves or each other (the "crossing points") 
and E(L) the set of curves in £ into which the loops Z|,, Z|, . . . , are decomposed when being 
"cut" in the points of V(L). We assume that there are only finitely many connected components 
Y ,Y 1 ,Y 2 ,...,Y m ,, m'eN ("faces") of £\([J; arc^)) and set 

F(L) :={Y Q ,Y 1 ,Y 2 ,...,Y m ,}. 

As explained in [39] one can associate in a natural way a number gleam(y) G Z, called "gleam" 
of K, to each face Y G F(L). In the special case which we are considering in Sec. i.e. where 
the two assumptions (NCP) and (NH) are fulfilled, we have the explicit formula 

gleam(Y) = ^. wind(Z^) ■ sgn(F; Zf.) (B.l) 

* — '% with arc((^,)Cor 

where wind(Z^, 1 ) is the winding number of the loop l l sl and where sgn(Y; Z|.) is given by 

Here (resp. i£~) is the unique connected component R of £\ arc(Zt.) such that li, runs around 
R in the "positive" (resp. "negative") direction. 

Let G be a simply-connected and simple compact Lie group with maximal torus T. In the 
following we will use the notation from part |A] of the Appendix. In particular, we have 

A+ = {A G A + I (A, 9) < k - c g } (B.3) 

where k G N is as in Sec. [2] above and where c g = 1 + {6, p) is the dual Coxeter number of g. 

Remark B.l Observe that for k < c g the set A^_ is empty so \L\ as defined in Eq. (|B.4|) 
below will then vanish. If k = c s then \L\ will not vanish but will still be rather trivial. Not 
surprisingly, the definition of \L\ in the literature often excludes the situation k < c s so our 
definition of \L\ in Eq. (IB. 41) below is more general than usually. 

Assume that each loop Z, in the link L is equipped with a "color" pi, i.e. a finite-dimensional 
complex representation of G. By 7, G A + we denote the highest weight of pi and set 7(e) := 7^ 
for each e G where i < n denotes the unique index such that arc(e) C arc(Zj). Finally, let 

col(L) be the set of all mappings ip : {Yq, Y\, Y2, ■ ■ ■ , Y^} — > ("area colorings"). 

We can now define the "shadow invariant" \L\ of the (colored, canonically framecf^l) link L 
associated to the pai@ (G, k) by 

\L\:=y \L\¥\L\%\L\*\L\t (B.4) 



79 by "canonically framed" we mean that each of the loops U, i < m is equipped with the "vertical" framing, cf. 
Sec. 4c) in [49) . For links fulfilling (NCP) and (NH) vertical framing is equivalent to what we call "horizontal" 
framing 

80 Observe that in [48] the shadow invariant is defined for pairs (g, k) where k G N and where g is a simple 
complex Lie algebra. Since there is a natural 1-1-correspondence between simple complex Lie algebras on the one 
hand and simply-connected and simple compact Lie groups on the other hand our convention is equivalent to the 



with 

=n yeF(L) dim ^( y )) x(y) ( b - 5& ) 

\ L \i = II yeF(L) ex P(f(^(^)^(^) + 2p)) slcam(y) (B.5b) 

w?=iW>*&> ^ 

\ L \t = U xeV{L) T ^) (B.5d) 

Here y e + (resp. y e _ ) denotes the unique face Y such that arc(e) C dY and, additionally, the 
orientation on arc(e) described above coincides with (resp. is opposite to) the orientation which 
is obtained by restricting the orientation on dY to e. Moreover, we have set|f3 (for A, p, v 6 A?L) 

7t(A+p,q) 

: = E T6W> sgn(T)m,(^ - t(A)) (B.7) 

where m«(/3) is the multiplicity of the weight /3 in the unique (up to equivalence) irreducible 
representation p^ with highest weight p and Wfc is as in part O of the Appendix. 

The explicit expression for T(x,ip) appearing in the formula for \L\^ involves the so-called 
"quantum 6j-symbols" (cf. Chap. X, Sec. 1.2 in [15] ) associated to U q (qc) where q is the root 
of unit>@ 

q := exp(^) (B.8) 

We omit the explicit formula for T(x, <p) since it is irrelevant for the present paper: for links L 
fulfilling assumption (NCP) of Sec. [5] the set V(L) is empty and Eq. (jB.4[) then reduces to 

W = E, ecoi(L) (il <S(V)) (ll y <M^)) x(y) exp(f ^ ( y) + 2 P »«^oo) 

(B.9) 

where we have set := y^ 1 . 

1 'S3 

Remark B.2 In the literature on Chern-Simons theory there seems to persist some confusion 
regarding the precise relationship between the values of the (heuristic) Wilson loop observables 
in Chern-Simons theory studied by Witten in [50] and the various rigorous versions of Witten's 
invariants, like, e.g., the Reshetikhin-Turaev invariant. It is often (but not always) assumed 
in the literature that the value WLO(L) of a link L in M associated to the CS path integral 
with group G, base manifold M and level k is given by the Reshetikhin-Turaev invariant T q {L) 
associated to G, M and and the root of unity q = exp( fc 2 ^ ). In the special case M = S x S 1 
the Reshetikhin-Turaev invariant can be expressed by the shadow invariant. In this case the 
parameter q = exp( fc 2 ^ ) of the RT-invariant corresponds to the situation where the parameter 
k in Eqs. (|B.3| ) -p.8 |) above is replaced by the "shifted" valued k + c . 

Let us emphasize, however, that the necessity /appropriateness of the "shift" k — > k + c 
is not universally accepted, cf. [20\ 124] . In fact, Theorem 15.31 of the present paper supports 
the view irj^l |24j that the occurrence (and magnitude) of such a shift in k will depend on the 
regularization procedure/renormalization prescription which is used. 



81 We remark that, alternatively, can also be defined with the help of the S-matrix of the WZW model 
corresponding to E, G, and the level / := k — c g , cf. |47| 

82 We remark that there are different conventions for the definition of U q (gc)- Accordingly, one finds different 
formulas for q in the literature. For example, using the convention in [47] one would be led to the formula q := e~ok 
where D is the quotient of the square lengths of the long and the short roots of g 

83 this is the reason why we used a different convention in [18] for the definition of A+, namely := {A G A+ | 
(\,9)<k} 

84 see, in particular, p. 599 in Sec. 5 in [M] 



C Appendix: BF^-theory in the torus gauge 
C.l BFg-theory 

Let M be a closed oriented 3-manifold, let G be a simple simply-connected compact Lie group 
with Lie algebra g, and let Q := C°°(M, G). 

For A e A := 1 (M,fl) and C G C := n 1 (M,fl) and Ael (the "cosmological constant") we 
define^ 

S B f(A,C):=- [ Tr(F A AC+-C AC AC) (C.l) 

7T Jm 3 

where -F" 4 := dA + A A A. Let us assume in the following that A £ M + and set 

k := VX (C.2) 
Note that Sbf '■ A x C — > C is (/-invariant under the (/-operation on ^4 x C given by (A, C) • = 

(n-^n + n-^fHcn). 

It is well-known that in the situation k / the relation 

SW(i, C 1 ) = S CS (A + kC) - S CS (A - kC) (C.3) 

holds with 5'c5 = Scs(M,G,k) where G .= G and := -j. Using the change of variable 
(A,C) -> (Ai,A 2 ) given by 

Ai:=i + KC', A 2 :=i-reC (C.4) 

or, equivalently, 

i:= \{A X + A 2 ), C:=^(A 1 -A 2 ) (C.5) 
we therefore obtain, informally, for every x '■ <A x C — > C 

y ^ C) exp(iS BF (A, C))DADC 

~ JJ x((Ai,A 2 ))exp(iS C s(Ai))eM-iScs(A 2 ))DA 1 DA 2 (C.6) 

where x : ^i x „4 2 — ^ C with ^ := f2 (M, g), j = 1, 2, is the function given by x{{A\, A 2 )) = 
X(A,C). 

If — instead of setting Scs '■= Scs{M,G,k) with G := G and k := ^ — we use Scs := 
Sos(MjG,(ki,k 2 )) with G = G x G and (fci.fe) = (l/«,-l//e) (cf. Remark 2.7 in [30]) then 
we can_j rewrite Eq. (1C.6I) as 

// x(I,C)exp(iS BF (I,(7))i)Il*7~ / x (A)exp(iS C s(A))ZM (C.7) 
JJAxC JA 

Thus we see that .Bi^-theory on M with group G and k 7^ is essentially equivalent to CS 
theory on M with group G = G x G and (k\,k 2 ) = (1/k,—1/k). 



85 Here we assume for simplicity (cf. Remark 12.11 above) that G is Lie subgroup of U(N) for some N £ N and 
we set Tr := cTr Mat j i ^ c s where c € R is chosen suitably 



using .4 = ffi .4 2 and DA = DAiDA 



C.2 BFj-theory on M = E x S 1 "in the torus gauge 

Let us now consider the special case where M = S x S 1 , ft / and 1/k G N, and where 
X ■ A x C — > C is of the form 

X(A, C) = J]" 1 Tr Pi (Hol, 4 (I + «C, 1 - kC)) (C.8) 

(with (Zi, Z 2 , • • • , l m ) and (Pl>P2, ■ ■ ■ , Pm) as in Sec. EE]). 

Let us now apply "torus gauge fixing"!^ to the expression 

x{A,C)exp(iS B F(A,C))DADC (C.9) 

AxC 

More precisely, we will perform the following three steps: 

• we make a change of variable from "BF-variables" to "CS-variables"|fl (Step 1) 

• we apply torus gauge fixing (Step 2) 

• we change back to "B-F-variables" (Step 3) 
Concretely, these three steps are given as follows: 

Step 1: We replace the expression ([CT9]) by the RHS of Eq. (|CT7l) 

Step 2: We perform torus gauge-fixing on the RHS of Eq. (|CT[) . i.e. we replace the RHS of 
Eq. (p7j) by the RHS ofi Eq. ||23J in Sec. above (in the situation G = G x G, 
T := T x T, and (k\, k%) = (1/k, where T is a fixed maximal torus of G) 

Step 3: We apply the change of variable (A ± ,A C ,B) — > (A , A c , B) given by 

X± :=( Ai+Al^A±_Al^ (ci0a) 



2 ' 2k 

W'f 8 , 1 ^'' ), (c.iob) 

^,^) (C.lOc) 



to the RHS of Eq. (J2SJ) (in the situation G = G x G, T := f x f, and (fci,fe 2 ) = 
(!/«,-!/«)) 

The expression which we obtain after performing the three steps above is the analogue of the 
RHS of Eq. (I7.3P above where instead of the change of variable (I7.2p the change of variable 
(fCHOl) is used. 

D Elimination of point (D2) of Approach II, cf. Sec. 13.41 
D.l First method 

We modify Approach II in the following way: 

We replace the space As,t(b}C) by the space A^^(K) and the scalar product <C •, • 3>.a e t (&jn 
by the scalar product <C •, • 3>^ E jk)- Moreover, we replace the space S(bK.) = C 2 (bfC, t) by the 
subspacd^l 

£(K) := C^K^t) + C 2 {K 2 , t) C £(bJC) (D.l) 



87 observe that the field C does not transform like a 1-form, so the use of the notion "gauge" in the present 
context is somewhat misleading 



8!) 



'i.e. from (A,C) to (Ai,A 2 ) 
cf. Remark 2.7 in [50] 
"'observe that the sum in Eq. (|D.1[) is not direct, cf. Convention [T] in Sec. 13.11 above 



and we replace the scalar product <C •, • ~^>s(bK) an d the two mapa^l dbK, ■ £{bJC) — > A^ t i(bK.) 
ancl^l -kfjjc : £{bK) — > B(btC) by their restrictions onto £(K). Here we have identified the 
space Ax,t(K) = C l (K x ,i) © C l (K 2 ,t) = Ci(K) ©r t with a suitable subspace of A^xibK.) ^ 
Cx(bK) © R t. 

The other constructions/definitions of Approach II remain unchanged. 

D. 2 Second method 

If we use the polyhedral cell complex qtC introduced in Remark 13.11 above instead of bIC then 
there is an alternative way for eliminating (D2). Let us introduce the spaces 

A ± (qlC) := Map(Z Jvr , A^{qK)) = Map(Zjv, C x {qK, q)) 

A±{qK) := {A 1 - G A L (q]C) | Vt G Z N : A ± (t)(e 1 ) = ±A ± (t)(e 2 ) if e\ and e 2 are conjugated} 

A ± (q)C) := {A 1 - G A L (q)C) | V A^t) G A^qK)} 

Ac(qlC) := {A 1 - G A L (q)C) | is constant and ^ s ,t(^)-valued} 

Here we call two edges ei, e 2 G F\{qlC) "conjugated" iff there union e\ U e 2 is an edge in K\ or 
K 2 . It is not difficult to see that 

A L {qK) = A+(qK.) © A^qK) 
Ai{qK) A ± {K) 
Ai{qK)^A^ i {q1C) = C l {q1CA) 

Moreover, the linear isomorphism : A^(K) — > A^~{K) can be extended to a linear isomor- 
phism^! *'k '■ A ± (q)C) — > A ± (q)C) in a natural way. 

In Sees I4.1H4.8I we now replace the space A ± (K) by A ± (qlC) and the operator by -k' K . 
Moreover, we replace A-£x(blC) by *4,s it ((//C) — A^r(qlC) and all other constructions depending 
on bK, by their "q/C-analogues" . 

In order to verify that a version of Theorem 15.31 will then again hold it is enough to observe 
that the integration • • • DA 1 - which appears in the new version of Eq. (|4.17p can be written 
as a double integral ■ ■ ■ DA^zDA^. (Here DA 1 - is the Lebesgue measure on A 1 ~(qlC) and 

DA± is the Lebesgue measure on A±(qlC) := A- L (q)C)nA^(qlC)). It turns out that the integrand 
depends on Ajz in a trivial way . Thus the ■ ■ ■ DA± -integration is trivial and produces just 
a constant factor. Since A+(q)C) = A^(K) it is clear that the formula at which we arrive after 
performing the f • • • Z)^4£-integration is the "g/C-analogue" of Eq. (|4.17p and can be evaluated 
explicitly in exactly the same way as the original Eq. (14.170 . 

E Two alternative ways of discretizing the RHS of Eq. (17.71) 

E. l Alternative 1 

In part [D] of the Appendix of the present paper and Appendix D in [30] we mentioned some 
ideas which should lead to a stylistic improvement of Approach I and Approach II. In fact, we 
can apply the aforementioned ideas (in a slightly modified form) also to the situation in Sec. 
17.31 In the following we will use the idea of Appendix D in [30] and the first method mentioned 
in part Oof the Appendix of the present paper: 

91 observe that dbic(£(K)) C As:,t(K) so the restriction of dbK, ■ £{blC) — > As,t(blC) onto £ (K) will be a well- 
defined map £(K) — > At,x(K) 

92 we make similar replacements for the other three of the four maps given in Convention [4] in Sec. 14.11 
93 we remark that *' K does not fulfill the relation (*'k) 2 = —id but only the weaker condition (*k) 4 = id and is 
therefore slightly less natural than the operator *k 



Instead of using the spaces £{bJC) = C 2 (blC, t © t) and A c {bK.) := C l (blC, t © t) as in Sec. O 
let us now use the two spaces 

£{K) :=C 2 (K 1 ,t®i) + C 2 (K 2 ,t®t)c£(blC), 
A C (K) ■-C 1 (K l ,t®i)®C 1 {K 2) t®l) 

We set 

A L (K) :=M& V (Z 2N ,Ax(K)) = M a p(Z 2N ,C 1 (K 1 , Q )®C 1 (K 2 ,Q)) 
and equip this space with the "obvious" scalar product, i.e. the one given by 

« Ai, A£ {k) = £j ^2 t&2N « A 2"(*) >Av(K) (E.l) 

where <C •,• ~^>a^(k) is as hi the paragraph before Eq. (|2.16p in Sec. 12.31 above. (We remark 
that in contrast to the scalar product given in Eq. (|2.16j) above the summation is now over Z27V 
and not only over Z^r). 

For A 1 - £ A^iK) = Map(Z 2N ,Aj;(K)) we will denote by A{ and A 2 the components of A L 
w.r.t. the following decomposition 

A ± (K) = A^ lternA (K) © A^ ltern ^K) (E.2) 

where 

^ ltern>1 (K) := Map(Z^,C 1 (ifi,fl)) © Map(ZI^, C 1 ^, fl)) 

and with Z°jf and Z^ n as in Appendix D in [30]. (Observe that the space A^ ltern X {K) above 
coincides with the space called A^ ltern {K) in Appendix D in [30]). 

There is a second direct sum decomposition A ± (K) = A ± (K) © Ajr(K) which is analogous 
to the decomposition (|2.14|) in Sec. 12.31 above. So every A 1 - G .A- 1 (if) can be written as a sum of 
four term^£f| A 1 - = A± + (A c )i + A2 + (A c ) 2 . Using this decomposition we will now reinterpret 
Eqs. (|7.12p - (|7.14p in Sec. 17.31 above in the obvious way. 

Finally, recall that the loops and the framings l^, i < m fixed in Sec. 14.81 above are 
(discrete) loops in K\ x Zjv and K 2 x Zat, respectively. By identifying the set $o(Kj x Zjv), 
j = 1,2 with the "obvious" subset of^l $o(Kj x ^liv") we can cons ider these loops as loops in 
Kj x Z^™, j = 1, 2. 

The remaining steps for discretizing the RHS of Eq. (|7.7p can be carried out in a straightfor- 
ward way. We expect that by doing so one arrives at a variant of Theorem 17.41 which will/ would 
have the following (stylistic) advantages over the original version of Theorem 17. 4t 

• Point (D2) in Sec. 13.41 above is eliminated. 

• The modified version of the operator R( N \B) appearing in Sec. 17.31 will be more natural 
(cf. Remark 13.101 above). 

• The scalar product in Eq. (lE.ip is more natural than the scalar products <C •, • ^ > a ± (K) 
and <C •, • ^ > A ± (K) use d in the main text of this paper, cf. Eq. (|2.16p above. 

94 Af lies in the intersection Aaitem,j(K) n A ± (K) and (A c )j lies in the intersection Aaitem,j(K) n Ajr(K) 
95 here we have equipped Z|jv n with the graph structure which is analogous to the graph structure of Zjv 



E.2 Alternative 2 



The two approaches for discretization the RHS of Eq. (|7.7p which we sketched in Sec. 17.31 and in 
IE. II above are both in the spirit of Approach II of the first half of the present paper. For the sake 
of completeness let us sketch briefly an alternative way of discretizing Eq. (|7.7p (or, equivalently, 
Eq. (|7.3p above) which is closer to Approach I in [30] (and also closer to the Approach in Adams 
for Abelian groups) and which should lead to another version of Theorem 17.41 above: 

Instead of using the heuristic formula Eq. ()7.7[) above as the starting point for a discretization 
we begin with the original formula (|7.3p above, or rather, a suitably rewritten version of (17. 3p 
where we again drop all the ""-signs in a similar way as in Sec. 17.31 

As the discrete analogues of the space A ± we use again the space A ± (K) as in Sec. 17.31 and 
as the discrete analogues of the spaces £>, A c we now use the spaces 

B(K) := C\K u i)®C\K 2 ,t), 
A C {K) := c^tjec^t) 

Clearly, within this setting we do not need an operator of the type -k^ but can work with the 
operator *k in Eq. (|2,18p in Remark 12.41 

However, in order to define the discrete analogue of B± = B\ ± B 2 we again have to solve an 
extension problem, one that is similar to the extension problem related to the operator cf. 
point (Dl) in Sec. 13.41 Moreover, observe that within the ansatz just described the two spaces 
A^{K) and A C (K) clearhl^l "do not combine well" in the same sense as in point (D2) in Sec. 

El 

Summarizing this we can say that the closest thing which one gets when one tries to find a 
BF- version of Approach I in [30] leading to a result like Theorem 17.41 with realistic chances^ of 
holding also for general links shows similar features as points (Dl) and (D2) in Approach II. 

F Some remarks on the simplicial program for CS-theory/.BFs- 
theory 

The goal of what is called the "simplicial program" for CS-theory/Si^-theory in [41] (cf. also 
[5]) is to find a discretized and rigorous version of the non-gauged fixed CS or BF% path integral 
for the WLOs associated to links in arbitrary oriented closed 3-manifolds M such that the values 
of these discretized path integrals coincide with the values of the corresponding^) Reshetikhin- 
Turaev-Witten invariants. This discretization is supposed to involve only finite triangulations 
(or, more generally, finite polyhedral cell decompositions) of M and no continuum limit. 

As mentioned in Sec. 17.11 above the simplicial program for CS/B i^-theory was completed 
successfully for Abelian structure groups in [IJ [2] (cf. also [33] for a short review of Adams' 
work). The case of non- Abelian structure groups is an important open problem. 

One possible strategy for making progress in the simplicial program for non- Abelian CS/BF^- 
theory could be to try to complete, successively, the following three "projects" : 

Project 1 Find a simplicial definition of the WLOs associated to general links for non- Abelian 
CS-theory/Si^-theory on the special base manifold M = £ x S 1 in the torus gauge. 

96 since we have set Ac(K) := C 1 (Ki,i) ® C 1 (K 2 ,i) and not A C (K) := C x {Kx, 1 © t) ® C 1 (K 2 , 1 © t) 
97 We remark that a "complete" BF-analogue of Approach I (including the features (Mod2) and (Mod3) in Sec. 
5.10 of [30]) would not have "realistic chances" since in such an approach we would again have the problem of 
extra 1/2-factors if we deal with general links, cf. the last paragraph of Sec. [6] above 

98 more precisely: if G and k are as in Sec. 12.11 M is a general oriented closed 3-manifold, L a link in M, 
and r q (M,L), q = exp(2ni/k) the corresponding Reshetikhin-Turaev-Witten invariant then we want that the 
discretized rigorous version of WLO(L) coincides with r q (M, L) up to a suitable multiplicative constant 



Clearly, Project 1 is exactly what we are dealing with in [30], the present paper, and its 
sequel [31]. Theorem 1 7 . 41 ab ove can be seen as a first step towards the completion of Project 
1. In order to complete Project 1 successfully Theorem 17.41 will have to be generalized to 
arbitrary links in M = E x S . 

Project 2 Find a simplicial definition of the WLOs associated to general links for the non-gauge 
fixed non-Abelian CS-theory/Si^-theory on M = S x S . 

Observe that there is a natural "discrete" analogue of the torus gauge fixing procedure. 
So if one can complete Project 1 successfully there might be a quick way to complete also 
Project 2. In order to do so we could look at the simplicial definition of the WLOs used 
in Project 1 and then try to "reverse engineer" from it a non-gauge fixed "version", i.e. a 
suitable simplicial expression which - after applying "discrete" torus gauge fixing - leads 
to the simplicial expression used in Project 1. 

Project 3 Generalize the simplicial expressions for the WLOs at which we arrive in Project 2 
to arbitrary M and evaluate these expressions explicitly. 

One can speculate that if Project 2 could be carried out successfully then the chances for 
a successful completion of Project 3 would be quite good. All we would have to do then 
is to find a rigorous implementation of Witten's surgery procedure, see [32] for some ideas 
in this direction. 

At the moment it is completely open whether these three "Projects" can indeed be carried 
out successfully. For Project 2 it seems to be necessary to find a way to bypass/eliminate the 
following "complications" : 

Complication (CI) Recall the definition of Detf f{B) in Eq. (fO]> . We had 

DetfF(B) := J] P ~ (hr , det (!t " exp(ad(5(x)))| t ) 1/2 
-■- J -xe#o(WC) 1 

Discrete torus gauge fixing (cf. the second paragraph in Project 2 above) is related to the 
map q : G/T xT->G given by q(g,t) = Ad(g)t for t G T and g = gT £ G/T. Since 
(g, t) i y det(l{ — Ad(i)| t ) is the "Jacobian'f^l of the map q it is easy to see how factors 
of the form det(lj — exp(ad(l?(x))| t ) = det(l{ — Ad(exp(£>(x)))| t ) in Eq. (|4.4j) above can 
arise from discrete torus gauge fixing. 

However, it is not clear how the 1/2-exponents in the expression Eq. (|4.4p and in Eq. 
(5.34) in [30j can arise from such a procedure. Moreover, for each of these two equations 
there is an additional problem: 

In Eq. (5.34) in [30] it is not clear how/why the factors det(l{ — Ad(-B(e))i{) , e S 
$o(Ki\K2), should arise since the expressions B(e) are not independent variables but 
functions of the variables {B\(x) \ x € Sb(-Ki)} an d {B%{x) \ x G ^0(^2)}; cf. Eq. (5.11) 
and/or (5.35) in [30]. 

In Eq. (|4.4|) all the vertices x £ $o(bfc) are on equal footing but the field B appearing 
in Eq. (|4,4p is a function of the field E which appears as the integration variable in Eq. 
(I4.17p . So in the setting of Approach II it is not clear how/why a product of the form 

rXz;e#o(WC) ' ' ' ra t ner than one of the form IlFefoCWC) ' ' ' snoiu d arise from discrete torus 
gauge fixing. 

"more precisely, we have q*(va) = det(lj — Ad(7T2(-))|t) (""K^g/t) Att^^t))) where vg, vt, and Vq/t are the 
canonical volume forms on G, T, and G/T and m : G/T x T — > G/T and 7T2 : G/T x T — > T the canonical 
projections 



Complication (C2) The traces of the holonomies associated to "single" (=unframed) loops are 
gauge-invariant functions. However, in Approach I, in Approach II, and in the approach 
sketched in Sec. [7] we used framed loops for reasons explained in Remark 15.51 above. 
In contrast to the traces of the holonomies associated to single loops the traces of the 
holonomies associated to framed loops are no-longer gauge-invariant functions. In ot her 
words: there is no natural candidate for a "non- gauge fixed version" of the expressions 100 
Tr^Holf^i^A^h)) and Tr Pi (Holf 8 + A£, B + ; h+)), cf. Eq. @3) and Eq. 
ffT7T¥]) above. 

Complication (C3) For discrete torus gauge fixing there are no topological obstructions like 
in the case of (continuum) torus gauge fixing. Accordingly, it is not clear what the discrete 
analogue of the 1-forms A sg (h) appearing in Eq. (13.6P above could be. 

If one can justify the simplified versions of Eqs. (|2.8p and fj3.6[) mentioned in Remark 
12.21 and Remark 13.21 above the situation improves since the 1-forms ^4 sg (h) then do not 
appear anymore, cf. Eq. (|2.12p above. The remaining problem will be to explain how a 
summation of the type ^xei" an< ^ ^he factors exp(— 2irik{x, B(ao))) in Eq. (I2.12P can arise 
from the simplicial version of the non-gauge fixed CS path integral after applying discrete 
torus gauge fixing. 

Remark F.l Let us remark that point (D2) in the original version of Approach II (cf. Sec. 
13. 4p would be another important obstacle for Project 2. This is the main reason why in partlDl 
of the Appendix above we sketched two different modifications of Approach II which allows us 
to eliminate point (D2). 
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